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Abstract. Motivated by a question of Vincent LafForgue, we study the Banach spaces X satisfying 
the following property: there is a function e Ax(e) tending to zero with e > such that every 
operator T: L2 ^ L2 with ||T|| < e that is simultaneously contractive (i.e. of norm < 1) on Li 
and on Lqo must be of norm < Ax(e) on L2{X). We show that Ax(e) G 0(e") for some a > 
iff X is isomorphic to a quotient of a subspace of an ultraproduct of 0-Hilbertian spaces for some 
> (see Corollarv l6.7p . where 0-Hilbertian is meant in a slightly more general sense than in our 
previous paper [SH]. Let Br{L2{n)) be the space of all regular operators on L2(/u). We are able to 
describe the complex interpolation space 

{BriL2ifi)),BiL2{fi))f. 

We show that T: L2{fJ-) — > L2{fi) belongs to this space iff T cgi idx is bounded on L2{X) for any 
^-Hilbertian space X. 

More generally, we are able to describe the spaces 

{Bi£p,),B{£p,)f or {B {1^,) , B {Lj,,))' 

for any pair 1 < po,pi < 00 and < ^ < 1. In the same vein, given a locally compact Abelian 
group G, let M{G) (resp. PM{G)) be the space of complex measures (resp. pseudo-measures) on 
G equipped with the usual norm ||/u||Af(G') = |/u|(G) (resp. 

M\pM{G) = sup{|A(7)l I 7 e G]). 

We describe similarly the interpolation space {M{G), PM{G))^ . Various extensions and variants 
of this result will be given, e.g. to Schur multipliers on -6(^2) and to operator spaces. 
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Introduction. This paper is a contribution to the study of the complex interpolation method. 
The latter originates in 1927 with the famous Marcel Riesz theorem which says that, if 1 < Po < 
Pi < CO, and if (ojj) is a matrix of norm < 1 simultaneously on i^^ and £p^, then it must be also 
of norm < 1 on £p for any pQ < p < pi, and similarly for operators on Lp-spaces. Later on in 
1938, Thorin found the most general form using a complex variable method; see [2] for more on 
this history. 

Then around 1960, J.L. Lions and independently A. Calderon [12j invented the complex inter- 
polation method, which may be viewed as a far reaching "abstract" version of the Riesz-Thorin 
theorem, see [21 [36]. There the pair (Lpp, LpJ can be replaced by a pair {Bq, Bi) of Banach spaces 
(assumed compatible in a suitable way). One then defines for any < 9 < 1 the complex interpola- 
tion space Bq = {Bq, Bi)q which appears as a continuous deformation of Bq into Bi when 9 varies 
from to 1. In many ways, the unit ball Bg of the space Bq looks like the "geometric mean" of 
the respective unit balls Bq and Bi of Bq and Bi, i.e. it seems to be the multiplicative analogue of 
the Minkowski sum (1 — 9)Bq + 9Bi. The main result of this paper relates directly to the sources 
of interpolation theory: we give a description of the space Bq = {Bq,Bi)q when Bq = B{(.'^^) and 
Bi = B{ip_^), or more generally for the pair Bq = B{Lp^{ij)), Bi = B{Lp^{^)). 

Although our description of the norm of Bq for these pairs is, admittedly, rather "abstract" it 
shows that the problem of calculating Bq is equivalent to the determination of a certain class of 
Banach spaces 

{SQ{pq),SQ{pi))q 

roughly interpolated between the classes SQ{pq) and SQ{pi) where SQ{p) denotes the class of 
subspaces of quotients (subquotients in short) of Lp-spaces. 

When po = 1 or = oo, this class SQ{pq) is the class of all Banach spaces while when pi = 2, 
SQ{pi) is the class of all Hilbert spaces. In that case, the class {SQ{pq), SQ{pi))q is the class of all 
the Banach spaces B which can be written (isometrically) as = {Bq,Bi)q for some compatible 
pair (Bq, Bi) with 

BjeSQipj) (i = 0,l). 

We already considered this notion in a previous paper [58j. There we called 0-Hilbertian the 
resulting spaces. However, in the present context we need to slightly extend the notion of 9- 
Hilbertian, so we decided to rename "strictly 0-Hilbertian" the spaces called 0-Hilbertian in [58] . 
In our new notion of "0-Hilbertian" we found it necessary to use the complex interpolation method 
for "families" {B^ \ z £ dD} defined on the boundary of a complex domain D and not only pairs 
of Banach spaces 

This generalization was developed around 1980 in a series of papers mainly by Coifman, Cwikel, 
Rochberg, Sagher, Semmes and Weiss (cf. [HI [HI [HI [THJ [16]). There dD can be the unit circle 
and, restricting to the n-dimensional case for simplicity, we may take B^ = (C", || H^) where 
{II 11^ I z € dD} is a measurable family of norms on C" (with a suitable nondegeneracy) . The 
interpolated spaces now consist in a family {B{^) \ ^ E D} which extends the boundary data 
{Bz I z G dD} in a specific way reminiscent of the harmonic extension. When Bz = ^pi^z) with 
1 < piz) < oo {z £ dD) one finds -B(C) = ^p(g) where p(^) is determined by 

PiO-' = J p{z)-^Hidz) 
dD 

where is the harmonic (probability) measure of ^ G D relative to dD. 

Consider then an n x n matrix a = [aij], let f3z = B{i'^^^-^) for z E dD and let /3(^) (^ € D) be 
the resulting interpolation space. 
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One of our main results is the equality 



(0.1) ||a||^(g)=sup{||ax: i^^^^iX) ^ l^^^^iX)] 

where ax is the matrix \aij\ viewed as acting on X" in the natural way and where the supremum 
runs over all the n-dimensional Banach spaces X in the class C(^). The class C(^) consists of all 
the spaces X which can be written as X = X(^) for some (compatible) family {X{z) \ z G dD} 
such that X{z) G SQ{p{z)) for all z in dD and of all ultraproducts of such spaces. 

By a sort of "duality," this also provides us with a characterization of this class C(i^), or more 
precisely of the class of subspaces of quotients of spaces in C(^): a Banach space X belongs to the 
latter class (resp. is C-isomorphic to a space in that class) iff for any n 

(0.2) sup Wax: e;^^^{X) ^ i;^^^{X)W < I (resp. <C). 

I|a||/3(«)<1 

Consider for example the case when p{z) takes only two values p{z) = 1 and p{z) = 2 with 
measure respectively 1 — 6 and 6. Then /?(0) = {B{£i), B{£2))e and C(0) is the class of all the 
spaces which can be written as X{0) for some boundary data dD B z i — > X{z) such that X{z) is 
Hilbertian on a subset of normalized Haar measure > 9 (and is Banach on the complement). We 
call these spaces ^-Euclidean and we call 0-Hilbertian all ultraproducts of 0-Euclidean spaces of 
arbitrary dimension. 

Actually, our result can be formulated in a more general framework: we give ourselves classes 
of Banach spaces {C{z) \ z £ dD} with minimal assumptions and we set by definition 

l|a||/3(.)= sup Wax: ^p(.)(^) - ^;(.)(^)l|. 

xec{z) 

Then (10. ip and ()0.2I) remain true with C{z) in the place of SQ{p{z)). In particular, we may now 
restrict to the case when p{z) = 2 for all z in dD. Consider for instance the case when C{z) = £"2 
for 2; in a subset (say an arc) of dD of normalized Haar measure 9 and let C{z) be the class of 
all n-dimensional Banach spaces on the complement. Then (jO.ip yields a description of the space 
{Bq, Bi)q when Bq, Bi is the following pair of normed spaces consisting of n x n matrices: 

More generally, if Bi = B{L2{^)) and if Bq is the Banach space i?^.(L2(/i)) of all regular operators 
T on L2{fi) (i.e. those T with a kernel (T{s, t)) such that \T{s, t)\ is bounded on L2{fi)), then we are 
able to describe the space {Br{L2{ij)), B{L2{ij))Y ■ ^7 [U ^^^^ also yields {Bq,Bi)q as the closure 
of BQr\Bi in {Bo,Bif. 

The origin of this paper is a question raised by Vincent Lafforgue: what are the Banach spaces 
X satisfying the following property: there is a function e Ax(e) tending to zero with e > such 
that every operator T: L2 ^ L2 with ||T|| < e that is simultaneously contractive (i.e. of norm 
< 1) on Li and on L^o must be of norm < Axis) on L2{X) ? 

We show that Ax(e) G 0(e") for some a > iff X is isomorphic to a subspace of a quotient of 
a 0-Hilbertian space for some 9 > Q (see Corollary 16. 7p . We also give a sort of structural, but less 
satisfactory, characterization of the spaces X such that Ax {e) — > when e — > (see Theorem 19. 2p . 

V. Lafforgue's question is motivated by the (still open) problem whether expanding graphs can 
be coarsely embedded into uniformly convex Banach spaces; he observed that such an embedding 
is impossible into X if Ax(£) — > when e ^ 0. See ^for more on this. 
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The preceding results all have analogues in the recently developed theory of operator spaces 
([13 [66]). Indeed, the author previously introduced and studied mainly in [63l|63] all the necessary 
ingredients, notably complex interpolation and operator space valued non-commutative Lp-spaces. 
With these tools, it is an easy task to check the generalized statements, so that we merely review 
them, giving only indications of proofs. In addition, in the last section, we include an example 
hopefully demonstrating that interpolation of families (i.e. involving more than a pair) of operator 
spaces, appears very naturally in harmonic analysis on the free group. 

Let us now describe the contents, section by section. In 311 we review some background on 
regular operators. An operator T on Lp{fi) is called regular if there is a positive operator S, still 
bounded on Lp{p), such that 

V/ G Lp(^) \Tf\ < S{\f\). 

The regular norm of T is equal to the infimum of \\S\\. These operators can be characterized in 
many ways. They play an extremal role in Banach space valued analysis because they are precisely 
the operators on Lp{fj,) that extend (with the same norm) to Lp{fj,;X) for any Banach space X. 

In ^we use the fact that regular operators on Lp{fi) (1 < p < oo) with regular norm < 1 are 
closely related (up to a change of density) to what we call fully contractive operators, i.e. operators 
that are of norm ^ 1 simultaneously on L\ and Lqc' 

This allows us to rewrite the definition of Ax(e) in terms of regular operators. 

In 21 we describe a certain duality between, on one hand, classes of Banach spaces, and on the 
other one, classes of operators on Lp. Although these ideas already appeared (cf. [iO l BT l [29 l [35]). 
the viewpoint we emphasize was left sort of implicit. We hope to stimulate further research on the 
list of related questions that we present in this section. 

In we present background on the complex interpolation method for families (or "fields") of 
Banach spaces. This was developed mainly by Coifman, Cwikel, Rochberg, Sagher, Semmes, and 
Weiss cf. [m m da [H 173]. 

In ^ we generalize the notion of 0-Hilbertian Banach space from our previous paper [58j. We 
first call 0-Euclidean any n-dimensional space which can be obtained as the interpolation space at 
the center of the unit disc D associated to a family of n-dimensional spaces {X{z) \ z € dD} such 
that X{z) is Hilbertian for a set of z with (Lebesgue) measure > 6. Then we call 0-Hilbertian all 
ultraproducts of ^-Euclidean spaces. In our previous definition (now called strictly 0-Hilbertian), 
we only considered a two- valued family {X{z) \ z E dD}. We are then able to describe the 
interpolation space 

where and B denote respectively the regular and the bounded operators on £2. We then 
characterize the Banach spaces X such that Ax(e) £ 0(e") for some a > as the subspaces of 
quotients of ^-Hilbertian spaces. 

In ^ we briefiy compare our notion of 0-Hilbertian with the corresponding "arcwise" one, 
where the set of z^s for which X{z) is Hilbertian is required to be an arc. 

In ^ we turn to Fourier and Schur multipliers: we can describe analogously the complex 
interpolation spaces {Bq, Bi)^ when Bq (resp. Bi) is the space of measures (resp. pseudo-measures) 
on a locally compact Abelian group G (and similarly on an amenable group). We also treat the case 
when Bq (resp. Bi) is the class of bounded Schur multipliers on -6(^2) (resp. on the Hilbert-Schmidt 
class 5*2 on £2). In the latter case, Bi can be identified with the space of bounded functions on 
N X N. 

In ^ we give a characterization of "uniformly curved" spaces, i.e. the Banach spaces X such 
that Axis) when e — > 0. This appears as a real interpolation result, but is less satisfactory 
than in the case Axis) G 0(e") for some a > and many natural questions remain open. 



5 



In ^101 we generalize an extension property of regular operators from [6T] which may be of 
independent interest. See [l6] for related questions. This result will probably be relevant if one 
tries, in analogy with [51], to characterize the subspaces or the complemented subspaces of 0- 
Hilbertian spaces. In particular we could not distinguish any of the two latter classes from that of 
subquotients of 0-Hilbertian spaces. The paper |21j contains useful related information. We should 
mention that an extension property similar to ours appears in [35\ 1.3.2]. 

In ^TT] we describe the complex interpolation spaces (Soj-^i)^ when Bq = B{Lpg{fi)) and 
Bi = B{Lp^[ii)) with 1 < po,pi < oo. Actually, the right framework seems to be here again the 
interpolation of families {Bz \ z £ dD} where Bz = B{l^i^^-^). We treat this case and an even 
more general one related to the "duality" discussed in §3, see Theorem 111.11 for the most general 
statement. 

In ^T2] and ^13| we turn to the analogues of the preceding results in the operator space frame- 
work. There operators on Lp(fi) are replaced by mappings acting on "non-commutative" Lp-spaces 
associated to a trace. The main results are entirely parallel to the ones obtained in ^ and fTTl in 
the commutative case. 

Lastly, in §141 we describe a family of operator spaces closely connected to various works on 
the "non-commutative Khintchine inequalities" for homogeneous polynomials of degree d (see e.g. 
[54]). Here we specifically need to consider a family {X{z) \ z E dD} taking {d + l)-values but we 
are able to compute precisely the interpolation at the center of D (or at any point inside D). 

1 Preliminaries. Regular operators 

Let 1 < p < oo throughout this section. For operators on Lp it is well known that the notions of 
"regular' and "order bounded" coincide, so we will simply use the term regular. We refer to [50, 72] 
for general facts on this. The results of this section are all essentially well known, we only recall a 
few short proofs for the reader's convenience and to place them in the context that is relevant for 
us. 

1.1 

We say that an operator T: Lp{^) — > Lp{v) is regular if there is a constant C such that for all n 
and all xi, . . . , in Lp{fj.) we have 

||sup|Txfc| lip < C|| sup l^fcl lip. 

We denote by ||r||reg the smallest C for which this holds and by Br-{Lp{^),Lp{v)) (or simply 
Br{Lp{^)) if // = I/) the Banach space of all such operators equipped with the norm || Hreg. 

Clearly this definition makes sense more generally for operators T : Ai — > A2 between two 
Banach lattices Ai , A2 . 

1.2 

It is known that T: Lp{p) Lp[v) is regular iff T ® idx ■ Lp{p,; X) Lp{u] X) is bounded for 
any Banach space X and 

(1.1) ||T||reg = sup ||T (g) idx : Lp{ii;X) ^ Lp{v]X)\\. 

X 

This assertion follows from the fact that any finite dimensional subspace Y d X can be embedded 
almost isometrically into for some large enough n. See 11.71 below. The preceding definition 
corresponds to i"^ for all n, or equivalently to X = cq. 
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Actually, T: Lp{fj,) Lp{u) is regular iff there is a constant C such that for all n and all xi, . . . , x„ 
in L,p[^) we have 

II ^ ^ l^^fel lip — C'll ^ ^ \xk\ llp) 

and the smallest such C is equal to ||r||i.eg- This follows from the fact that any finite dimensional 
space X is almost isometric to a quotient of for some large enough n. 

1.3 

A (bounded) positive (meaning positivity preserving) operator T is regular and ||T||reg = ||r||. 
More precisely, it is a classical fact that T is regular iff there is a bounded positive operator 
S: Lp{fj,) Lp{v) (here 1 < p < oo) such that |T(x)| < 5(1x1) for any x in Lp{^). Moreover, there 
is a smallest S with this property, denoted by |T|, and we have: 

||-^||reg — II 1^1 II- 

In case Lp{fi) = Lp{v) = £p, the operator T can be described by a matrix T = [tij]. Then 

\T\ = 

Similarly, if T is given by a nice kernel {K{s,t)) then |r| corresponds to the kernel {\K(s,t)\). 
1.4 

In this context, although we will not use this, we should probably mention the following identities 
(see [58]) that are closely related to Schur's criterion for boundedness of a matrix on £2 and its (less 
well known) converse: 

{B{h),B{co)f = Br{£p,lp). 

These are isometric isomorphisms with p defined as usual hy = (1 — 0). 

More explicitly, a matrix b = (bij) is in the unit ball of Br{ip) iff there are matrices W and b^ 
satisfying 

and such that 

supV. |6°j| < 1 and sup V. \b}j\ < 1. 
The "if direction boils down to Schur's well known classical criterion when p = 2 (see also 

1.5 

We will now describe the unit ball of the dual of Br{£2)- 
Lemma 1.1. Consider an n x n matrix if = (fij)- Then 

(1-2) MlBriqr = { (1^1 l^il^ Z^i ^ } 

where the infimum runs over all x, y in il^ such that 
V«,i I'^jjl < \xi\ \yj\. 
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Proof. Let C be the set of all <p for which there are x, y in the unit ball of £2 such that \(pij\ < \xi\ \yj\. 
Clearly we have for all a in -6(^2) 



\\a\\Briq) = = sup E'^ija 

Therefore, to prove the Lemma it suffices to check that C is convex (since the right-hand side of 
()1.2p is the gauge of C). This is easy to check: consider cp, ip' in C and < < 1 then assuming 

< \xi\ \yj\ and \ipij\ < \yj\ 

with x,y,x',y' all in the Euclidean unit ball, we have by Cauchy-Schwarz 

1(1 - 9)^,, + e^[^\ < ((1 - 9)\x,\' + 9\x',\')y\{l - 9)\y,\' + e\y'/)^/^ 

which shows that (1 — 9)(p + Oip' is in C. □ 

Let C be as above. Then 99 G C iff there are hi, kj in C" such that ipij = {hi, kj) and 

Indeed, if this holds we can write 

< y^^^^ \hi{m)\ \kj{m)\ < \\hi\\i^\\kj\\in^ 

from which if £ C follows. Conversely, if (/? G C, we may assume ipij = Xiyjjij with \ jij\ < 1, 
\\x\\2 ^ 1; llylb ^ 1- Let (em) denote the canonical basis of C". Then, letting 

hi = XiCi and fcj = yj ^ ^ ^^^ 'y-mj^m 
we obtain the desired representation. 

1.6 

The predual of i?(L2(/i), L2(/i')) is classically identified with the projective tensor product L2(/i)C5iL2(/i')) 
i.e. the completion of the algebraic tensor product L2[^) L2{fJ-') with respect to the norm 

II'^IIa = inf y^ Ikmllllymll 

where the infimum runs over all representations of T as a sum T = T,Xm ® y-m of rank one tensors. 
Let T{s,t) = T,Xm{s)ym{t) be the corresponding kernel in L2(^ x ^'). An easy verification shows 
that 

IITIIa = mf{||/i||L2{i;2) 11^11^2(^2)} 

where the infimum runs over all h,k in ^2(^2) such that T{s,t) = {h{s),k{t)). 

We now describe a predual of Br{L2{fJ-), L2{n')). For any T in L2{n) ® L2{n'), let 

(L3) iV,(T) = inf{||x||2||y||2} 

where the infimum runs over all x in L2{fi) and all y in L2{p!) such that 

\T{s,t)\ <x{s)y{t) 
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for almost all s,t. Equivalently, we have 

(1-4) Nr{T) = inf ll^" \hi\ ^ ||sup|%|||2} = ^ni{\\h\\L^(^i,n^\\k\\L^^i,n^)} 

where the infimum runs over all n and all h = (hi, . . . , /i„) k = {ki, . . . , k^) in such that 

(1.5) T{s,t) = Y,lhi{s)h{t). 

Indeed, it is easy to show that the right-hand sides of both (jl.3p and (jl.4p are convex functions of 
T and moreover (recalling 1 1 . H \T7I\ and nTB]) that for any b in Br{L2{n), L2{fJ,')) 

||6|Ug = sup{K6,r)|} 

where the supremum runs over T such that the right-hand side of either (jl.Sp or (jl.4p is < 1. This 
implies that (|1.3p and (jl.4p are equal. Let L2{iJ.)0rL2{n') be the completion of -Z^2(/^) ®L2{ii') with 
respect to this norm. Then there is an isometric isomorphism 

{L2{^l)®rL2{^l')T ^ Br{L2{fl),L2{fl')) 

associated to the duality pairing 

V6 G BriL2ifJ.),L2{fi')) {b, x®y) = {b{x),y) 

1.7 

More generally, a predual of Br{Lp{fi), Lp{^')) can be obtained as the completion of Lp'{fi)(^ Lp{fi') 
for the norm 

(1.6) yTeLp,{fi')^Lp{ti) iV,(T) =inf 1 11^" |/,| J| sup ^il 

where the supremum runs over all decompositions of the kernel of T as T{s, t) = fi{s)gi{t)- To 
verify that (|1.6p is indeed a norm, we will first show that (jl.6p coincides with 

(1-7) M,(r)=inf{||e||L^,(y.)||r?||z.,(y)} 

where the infimum runs over all finite dimensional normed spaces Y and all pairs rj) G Lpi{^'; Y*) x 
Lp{n,Y) such that r(s,t) = (^(s), r/(i)). 

Clearly Mr{T) < Nr{T). Conversely, given Y as in (II. 7p . for any e > there is n and an 
embedding j : Y ^ £^ such that ||y|| < ||i(y)|| < (1 + e)||y|| for all y in Y. Let (^,r/) be as in 
(fLTl) . Let fi = jri e Lpil"^). Note Hf/H < (1 +e)||?7||. Let q = j* : PI ^ Y* be the corresponding 
surjection. By an elementary lifting, there is ^ in Lpi{i^) with ||,^|| < (1 + e)||^|| such that ^ = (7^. 

We have then T{s,t) = {i{s),r]{t)) = {qi{s),r^{t)) = {i{s),f,{t)) and \\i\\L^,(r,)\\fl\\L,{e"^) < 
(1 + e)2||^||L ,{y*Mlp{y)- Thus we conclude that M^(T) < Af^(T) and hence Mr{T) = Nr{T). 

To check that is a norm, we will prove it for Mr- This is very easy. Consider Ti,T2 with 
Mr{Tj) < 1, {j = 1, 2) and let < 6* < 1. We can write 

Ti{s,t) = {(i{s),mit)) 

T2is,t) = {Us),mit)) 
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with {Cj,r]j) e Lp{Yj) x Lp>{Y*). Then 

{l-e)Ti{s,t)+eT2{s,t) = {i{s)Mt)) 
where (^,r/) G Lp{Y) x with 

Y = Yi®p Y2 Y* = Y^ ®p> Y^ 

i = {{i- ef/p^^ e 0Vp^2), ^? = ((1 - of'p'r^i e e^/p'r/s). 

We conclude that 

Mp(ri+r2)<||e|U,(y)hlU^,(y.)<l. 

Now that we know that (jl.6p is indeed a norm, it is clear (either bv ll.ll or ll.2p that the completion 
Lp{^)®rLpi{^') of {Lp{pL) ® Lp/{ij),Nr) is isometrically a predual of Bj.{Lp{pL), Lpi{^')). 

1.8 

We refer e.g. to [59] for more information and references on all this subsection (see also [181 [66] for 
the operator space analogue) . The original ideas can be traced back to ^23] . 

An operator v: E ^ F between Banach spaces is called nuclear if it can be written as an absolutely 
convergent series of rank one operators, i.e. there are x'^ £ E* , Un £ F with Yl W^nMy-nW < 00 such 
that 

vix) = ^(x^, x)y„ Vx E E. 
The space of such maps is denoted by N{E, F). The nuclear norm N{v) is defined as 

N{v) = inf ^ ||x;||||y„||, 

where the infimum runs over all possible such representations of v. Equipped with this norm, 
N{E, F) is a Banach space. 

If E and F are finite dimensional, it is well known that we have isometric identities 

B{E,Fy = N{F,E) and N{E, F)* = B{F, E) 

with respect to the duality defined for : E ^ F and v : F ^ E hy 

{u, v) = tr(nt'). 

We will denote by T}{iE,F) the set of operators u: E ^ F that factorize through a Hilbert 
space, i.e. there are bounded operators ui : H ^ F , U2: E ^ H such that u = uiU2- We equip 
this space with the norm jni-) defined by 

jh{u) = inf{||ni|| ||n2||} 

where the infimum runs over all such factorizations. 

We will denote by 7|^(.) the norm that is dual to 7_f/(-) in the above duality, i.e. for all w : F ^ E 
we set 

-/*h{v) = sup{|tr(nz;)| | u G Th{E, F),-fH{u) < 1.} 
Proposition 1.2. Consider v: £^ — > 

(i) 7h(^) — 1 iff there are A,// in the unit hall of £2 and (aij) in the unit ball of B{i2) such that 
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(ii) N{v) < 1 iff there are \' in the unit hall of £2 and (bij) in the unit ball of Br {£2) such that 
Vij = X'ibijix'y 

Proof, (i) is a classical fact (cf. e.g. |65' Prop. 5.4]). To verify (ii), note that N{v) = X^l^ul- 



1 /2 

Assume N{v) = 1. Let then = (^^j and = i ^ij = '"ijiKl^'j)^^ ■ We 

have then (with the convention § = 0) 

I J I ^ I I I I 

with 6°. = \vij\iJ2j \vij\y^ and bj- = \vij\{J2i Since sup^lj \b'^j\ < 1 and supj^i \bjj\ < 1, 

by Owe have ||6||reg < 1- □ 
Proposition 1.3. Consider cp: £2 ^£2. 

(i) ^ i iff there are X, fi in the unit ball of £2 and v: ^ £^ with ^h{v) < 1 such 
that ifij = XiVij^j for all i,j. 

(ii) ||<^||b^{£^)* < 1 iff there are A,/u in the unit ball of £2 and v. £1 £^ with \\v\\ < 1 such that 
(fij = XiVijfij for all i,j. 

Proof, (i) If if factors as indicated we have v = viV2 with vi: H ^ £'^ and V2. £i^H such that 
11^1 II 11^^211 ^ 1- Let Dx and denote the diagonal operators with coefficients (Aj) and (nj). We 
have then 93 = D\viV2D^, hence using the Hilbert-Schmidt norm || • \\hs we find that ||<y5||B{£^)* 
(which is the trace class norm of ip) is < ||-Da^i ||i?5||^2-D^||_ffS' < 1- Conversely, if the trace class 
norm of 99 is < 1, then for some H Hilbert (actually H = £2) we can write if = ipi(p2, ^2- £2 ^ ^ 
and ipi: H ^ £2 such that ||vi||_ff5||'/'2||_ffs < 1- Let f 2 : and f 1 : H ^ £'^ he the maps 

defined by V2ej = {ip2ej)\\ip2ej\\~^ and v^Ci = {ip\ei)\\iplei\\^^ . Note that \\vi\\ = \\v2\\ = 1- Let 
V = V1V2 and Xi = ||99jej||, fij = \\ip2ej\\. We have then \\v\\ < 1 and tpij = {(pej^Ci) = XiVijfij, which 
verifies (i). 

(ii) By Lemma ll.H Hv'llBrC^a)* — ^ there are A,// in the unit ball of ^2 v: £'^ ^ £^ with 
1 1 I'll = sup|fjj| < 1 such that pij = XiVijfij. □ 

1.9 

In the sequel, we will invoke several times "a measurable selection argument." Each time, the 
following well known fact will be sufficient for our purposes. Consider a continuous surjection 
/: K ^ L from a compact metric space K onto another one L. Then there is a Borel measurable 
map g: L ^ K lifting /, i.e. such that fog is the identity on L. This (now folkloric) fact essentially 
goes back to von Neumann. The references |331 p. 9] or [76', chap. 5] contain considerably more 
sophisticated results. 

1.10 

Throughout this memoir (at least until we reach ^12p . given an operator T: Lp{^) — > Lp{v) such 
that T idx extends to a bounded operator from Lp(/x; X) to Lp{v] X), we will denote for short 
by 

Tx: Lp{fi;X)^Lp{u;X) 
the resulting operator. In ^121 this notation will be extended to the non-commutative setting. 



11 



2 Regular and fully contractive operators 

For short we say that an operator T: Lp{fj,) Lp^v), (1 < p < oo) is "fuhy contractive" if T is a 
contraction from Lq{fj,) to Lq{u) simultaneously for = 1 and q = oo (and hence for all 1 < (7 < oo 
by interpolation). 

It is known (and easy to show) that this implies ||r||i.eg < 1. Indeed, since for T: Lg{^) — > Lg(z^) 
we have ||T|| = ||r||reg both for q = 1 and q = 00, it follows by interpolation that ||r: Lp{ii) — > 

^p(l')llrcg < 1- 

In the next statement, we use a change of density argument to replace fully contractive operators 
by regular ones in the definition of Ax ■ This kind of argument (related to the classical "Schur test" 
and its converse) is well known, see e.g. [Ml EH EH]- 

Proposition 2.1. Let X be a Banach space. FixO < e < 1 and 5 > 0. The following are equivalent: 

(i) For any n and any n x n matrix T = [uij] with \\T: ^2 ^ ^2!! — ^ ^'^^ such that \\T: £2 
e^Wreg < 1, wc have \\Tx: ^2(^) ^ ^2(^)11 < 

(i) ' For any n and any n x n matrix T = [aij] with \\T : I2 — > ^2 II — ^ which is fully contractive 

(i.e. contractive on for all 1 < q < 00), we have 

\\Tx: qix)^qix)\\<6. 

(ii) For any measure spaces (O,//), (i7',//'), for any regular operator T: L2{^) L2{fJ-') with 
\\T\\reg < 1 and \\T\\ < s, we have \\Tx: L2{X) L2{X)\\ < 6. 

(ii)' For any ($7, /x), (17', ^') and any fully contractive T: L2{^) L2{^') with \\T\\ < e we have 
\\Tx: L2{X)^L2{X)\\<5. 

Proof. By discretization arguments one can show rather easily that (i) 4^ (ii) and (i)' <^ (ii)'. 
Moreover (i) ^ (i)' and (ii) (ii)' are trivial, since fully contractive implies regular. Therefore, it 
suffices to show (ii)' ^ (i). Assume (ii)'. It suffices to consider T = [oij] with ||r: £'2 ^fll — ^ 
and such that ||r: £3 ~^ ^2llreg < 1) so that S = [\aij\] also has norm < 1 on Without loss of 
generality, we may assume (by density) that \aij\ > for all i,j and actually that £2 ^ ^2 II ~ 
By Perron-Probenius, there is ^ G £2 with > for all i such that SS*^ = ^. Let then rj = 5*^. 
We have then a fortiori: 

Srj < (resp. S*S, < rj). 

This implies that [Cj~^l^«il'?i] (resp. fe|aij |?/j^^]) is a contraction on £^ (resp. £"). Let (resp. fi') 
denote the measure YliVj^j (resp. ^i'f^i) on {1, . . . ,n}. Then, we find that the kernel K{i,j) = 
^j^^CLijfjJ^ defines a fully contractive operator T from Li{fi) to Li{fi'). More precisely, T is defined 
by 

V/GLi(^) ff = J K{s,t)f{t)dfi{t) 

or equivalent ly 

(2.1) {Tf)i = 5; . K{i,j)f{j)r,] = ^ . 

Assuming (ii)', this implies 

\\fx: L2{fi;X)^ L2{fi';X)\\ < 6. 
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More explicitly, for any x = (xi, . . . , Xn) in L2(/^; X) we have by (j2.ip 



II 2\V^ . 



Therefore (replacing (xj) by [r]- Xj)) we conclude \\Tx'- ^2^-^) ~^ ^2(^)11 ^ 

In view of V. Lafforgue's question mentioned above it is natural to introduce the following 
"modulus" associated to any Banach space X 

Axie) = snp{\\Tx\\} 

where the supremum runs over all pairs of measure spaces (r2,/i), (17', /i') and all operators T : L2{^) - 
L2{fJ.') such that ||r||i.cg < 1 and ||T|| < e. 

By the preceding statement, Ax(e) reduces to: 

(2.2) Axis) = supsup{||Tx|| | T G i?(^^)|||T| || < 1, ||r|| < e}. 

n>l 

Moreover, we also have 

(2.3) Ax(e) = supsup{||rx|| | T G B{i^) fully contractive with ||r|| < e}. 
We propose the following terminology: 

Definition. A Banach space X is "curved" if Ax(eo) < 1 for some Eq < 1. 
We say that X is "fully curved" if Ax{s) < 1 for any e < 1. 
We say that X is "uniformly curved" if Axis) when e — > 0. 

Equivalently, X is curved iff there is eo > such that Ax(e) < 1 for all e < Sq. 

If X is C-isomorphic to Y, then C~"^Ay(e) < Ax(e) < CAy(e), so that X is uniformly curved iff 

Y also is. 

Trivially, any Hilbert space H is "fully curved" and "uniformly curved" since A/f(e) = e for any 
< e < 1. 

Every finite dimensional space is "curved," since Ax (e) < (dim(X))i/2e for all < e < 1. Indeed, 
it is well known that any d-dimensional space X is \/ci-isomorphic to £2 (see e.g. |59, p. 16]). 
However, there are simple examples of 2-dimensional spaces that are not fully curved: for instance 
£1 or £'^ , since these are not "uniformly nonsquare" . 

Recall that X is called uniformly nonsquare if there is a number 5 < 1 such that for any pair x, y 
in the unit ball we have either ||2~^(a; + y)|| < (5 or ||2~"^(x — ?/)|| < 5. 

By interpolation (see below), if 1 < p < 00, any Lp-space is "fully curved" and "uniformly curved". 

The operator that V. Lafforgue had in mind initially is the operator r: £\ ^ £'^ defined by 
T{x,y) = {2~^{x + y), 2~^(x — y))- This is clearly fully contractive but since r is equal to 2~^/^x 
(rotation by '7r/4) we have ||r|| = 2'^/^ < 1. 

This shows X fully curved ^ X uniformly nonsquare. Indeed, if Ax(2^^/^) < 1 then X is 
uniformly nonsquare since, using tx, we find, for any pair x,y in the unit ball 

(2-2||x + yf + 2-^X - 2/||2)V2 < A^(2-l/2)(||^||2 + ||y||2)l/2 

and hence 

min{||2-i(x + y)l \\2~\x - y)\\} < Ax{2-^'^) < 1. 
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Modulo the beautiful results of James and Enflo ( |321I19| ) on "super-reflexivity," this observation 
shows that any uniformly curved Banach space is isomorphic to a uniformly convex one. 

Recall that a Banach space is called uniformly convex if 5x (e) > for any < e < 2 where 

Sx{e) = inf{l - + y)\\ \ \\x\\ < 1, ||y|| < 1, ||x - y\\ > e}. 

In [ST] , we proved that any uniformly convex space can be equivalently renormed so that its uniform 
convexity modulus satisfies 5xi£) > Ce'^ Ve G [0, 2] for some q < oo (and for some constant C > 0). 
Thus it is natural to raise the following: 

Problem 2.2. Can any uniformly curved (or even merely curved) space be equivalently renormed 
to be fully curved ? 

Problem 2.3. If X is uniformly curved, is it true that Ax(e) G 0(e") for some a > ? 
By [58j, the answer is positive for Banach lattices. 

We will prove below (see Corollary 16. 7p that a Banach space X satisfies this iff it is isomorphic 
to a subquotient of a 0-Hilbertian space for some 9 > 0. This provides a rather strong motivation 
for the preceding question. 

A similar reasoning applied to the operator r®" shows that if Ax(2~"'/^) < 1 then X does not 
contain almost isometrically if" (viewed here, exceptionally, as a real Banach space). We say X 
contains E almost isometrically if for any e > there is a subspace E G X with Banach-Mazur 
distance d{E, E) < 1 + e. 

By known results (see j49l ) . this shows that X curved ^ X of type p for some p > 1. However, a 
stronger conclusion can be reached using the Hilbert transform, say in its simplest discrete matricial 
form. Fix n > 1. Let r(n) = [r(n)(i,j)] be the Hilbert n x n-matrix defined by 

T{n){i,j) = {n-{i+j))-^ if n-(i+j)/0, 

and T{n){i,j) = otherwise. 
Then it is well known that the operator T{n) : P2 ^ ^2 satisfies 

||r(n)|| < C and ||r(n)||reg < Clog(n + 1) 

for some constant C (independent of n). Thus, for any Banach space X, we have 

||r(n)x|| < Clog(n + l)Ax((log(n + 1))-^). 

Therefore, we find 

X uniformly curved ^ ||r(n)x|| G o(log(n)). 

As observed in [57], this implies that X is super-reflexive and hence, by Enflo's theorem |19j . 
isomorphic to a uniformly convex space. 

It is natural to wonder about the converse: 

Problem 2.4. Is is true that 

uniformly convex ^ curved or fully curved ? 

It is true that 

super-reflexive =^ uniformly curved ? 

Note that, as already mentioned, "uniformly curved" is obviously stable under isomorphism, while 
this is obviously false for "curved" spaces. 
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3 Remarks on expanding graphs 



Many interesting examples of regular operators with regular norm 1 and small norm on L2 can be 
found in the theory of contractive semi-groups on Lp (e.g. those generated by the Laplacian on a 
Riemannian manifold) or in that of random walks on groups. In this section, we illustrate this by 
combinatorial Laplacians on expanding graphs (cf. e.g. [45]). 

We refer the reader to the web site http://kam.mff.cuni. cz~matousek/metrop.ps for a list of 
problems (in particular Linial's contribution) related to this section. See also |53j for a similar 
theme. 

Let G be a finite set equipped with a graph structure, so that G is the vertex set and we give 
ourselves a symmetric set of edges E C G x G. 

We assume the graph G A;-regular, i.e. such that for each x there are precisely k vertices y such 
that (x,y) G E. Let Mq: (■2{G) hiG) be the "Markov operator" defined by 

v/g£2(g) M«/(x) = i f^y^- 

{x,y)&E 

For simplicity, we consider only non-bipartite graphs (equivalently —k is not an eigenvalue of M'^). 
Let Ef denote the average of / over G, i.e. 

V/G^2(G) Ef{x) = \G\-^Y.f^y^ 

y&G 

and let 

£0(G) = {/ G £2(G) I Ef = 0}. 

We set 

e{G) = \\M%o^G)\\ 
so that e(G) is the smallest constant such that 

V/G£2(G) ||M^/-£;/||2<£(G)||/||2. 

A sequence of /c-regular graphs {G{m)} is called expanding if supe(G(m)) < 1 and |G(m)| 00 

m 

when m ^ 00. In connection with the Baum-Connes conjecture (see [24^ [7U[ 137] ) it is of interest 
to understand in which Banach spaces X we can embed coarsely, but uniformly over m, such a 
sequence {G{m)} viewed as a sequence of metric spaces. 

More precisely, we will say that {G{m)} uniformly coarsely embeds in X if there are a function 
p: M+ — > M+ such that lim p(r) = 00 and mappings fm- G{m) X such that 

r^oo 

(3.1) Vx,yGG(m) />(d(x, y)) < ||/„,(x) - /^(y)|| < d(x, y). 

Here d{x, y) denotes the geodesic distance on the graph. This notion is due to Gromov (see [Ml P- 
211], where it is called "uniform embedding"). 

Given a Banach space X, let us denote by e{G,X) the X-valued version of e{G,X), i.e. the 
smallest e such that for any /: G ^ X with mean zero (i.e. ^ f{x) = 0) we have 

l|M^/-^/ll£.(x)<e||/ll£.(x), 
where M'^ and E are defined as before but now for X-valued functions on G. 
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By a well known argument, it can be shown that if sup^ e{G{m), X) < 1, then X cannot contain 
{G{m)} uniformly coarsely. This is the motivation behind V. Lafforgue's question mentioned above. 

To explain this, consider again a finite A:-regular graph G as before. Let e = e{G,X). Assume 
that e < 1. Assume that there is n > 1 such that 6 = 2Ax(e"'/2) < 1. We have then for any 
/: Gx G^X 

(3.2) (\G\-' \\f(^)-fiy)\A <2{l-S)-'\\f-{M^rf\U,ix)- 

\ (x,s/)eG2 / 

Indeed, for any n > 1 we have \\{M'^ - E)"-{1- E)\\B(e2{G)) < but also (note M^E = EM^ = E) 

(M^ - -E) = (M^)"(l -E) = (M^)" - E 

and hence (since ||M'^||reg and ||ii^||reg are < 1) 

\\{M^-Eni-E)\\,,^<2. 

Therefore 

||(M«)" - < 2Ax(e72) = 5, 

and hence for any / : G ^ X 

11/ - < 11/ - {M^Tfh.ix) + IKM^r/ - EfW.^^x) 



< 



(M^r/ik(x)+<5ii/-i?/ii,,(x) 



from which (j3.2p follows immediately, using the following classical and elementary inequality 



(3.3) i\G\-^ ll/(^)-/(y)ll') <2('|Gri5]||/(x)-i?/f'j . 

We now show that (j3.2p is an obstruction to (|3.ip . Indeed, since ||/m(a^) — /m(y)|| < 1 if [x^y) £ E 
we find easily 

||/^-(M«)"/„||,,(^)<|G|i/2n 

but also for any > if we set 



P(^)( ^Sl4)'^'< 2(1-5)" V 



ERira) = {{x,y) G G{mf \ d{x,y) > R}, 

since ||/(x) — f{y)\\ > p{R) for any {x,y) in Eji, we find 

' \ER{my ^'^^ 
|G(m)|2 

But now, since |G(m)| oo, for each fixed R we have 

\Gim)\-^\Enim)\ ^ 1 

and hence we obtain 

p{R) < 2{1 -6)-^n 

which contradicts the assumption that p{R) is unbounded when R ^ oo. Thus we obtain (as 
observed by V. Lafforgue): 
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Proposition. If X is uniformly curved, X cannot contain uniformly coarsely an expanding se- 
quence. 



Proof. Indeed, if e = supe(G(m)) < 1 and X is uniformly curved, then 2Ax(e"'/2) when 

m 

n ^ oo SO we can always choose n so that 6 < 1. □ 



In [l3], in answer to a question of Naor, V. Lafforgue shows that certain specific expanding 
sequences do not embed uniformly coarsely even in any Banach space with non trivial type. This is 
a stronger statement than the preceding one, since the class of spaces with non trivial type is strictly 
larger than that of uniformly curved spaces (because uniformly curved implies super-reflexive), but 
so far this is known only for special expanding sequences. For example it is not known either for 
the expanding sequence derived from a finite set of generators and the family of finite quotient 
groups of SL'i{'L), or for the "Ramanujan graph" expanding sequences (see [45j ) . 



Problem 3.1. Characterize the Banach spaces X for which there is a function d: (0, 1] [0,2], 
with d{e) tending to zero when e — > 0, such that for any finite graph G as above we have 

e{G,X) < d{e{G)). 

See [44J for related results. 
Remark. Note that (|3.2p implies that there is a constant C such that 

(3.4) (\G\-' \\fi^)-fiy)A <C\\f-{M^)f\U,^x). 

Indeed, since we have ||/ - (M^)"/|| < J^^zl \\{M^ fif - (M^)/)]] we can take C = 2n(l - S)-^. 
A fortiori this implies 

(3.5) \G\-' Yl \\fi^)-fiy)\\<C sup {||/(x)-/(y)||}. 

The preceding (well known) argument clearly shows that X cannot contain uniformly coarsely an 
expanding sequence if it satisfies ()3.5p with the same C when G runs over that sequence. However, 
it may be that (j3.5p is satisfied by a much larger class of spaces than those of non trivial type. 
Indeed, it is an open problem whether any space with nontrivial cotype satisfies (j3.5p with a fixed 
constant C valid for any G running in a given expanding sequence. This would show that finite 
cotype is an obstruction to containing uniformly coarsely an expanding sequence. Note that the 
metric space ii with metric (x,y) i— > \\x — embeds isometrically into Hilbert space and hence 
does not contain uniformly coarsely an expanding sequence (see [IZ]). More generally, see the 
appendix of [52] for the case of Banach lattices of finite cotype, or spaces with a unit ball uniformly 
homeomorphic to a subset of £2. 

We refer to [39] for a discussion of type and cotype and to [511 HH] for a survey of recent work 
on coarse embeddability between Banach spaces. 



4 A duality operators/classes of Banach spaces 

In this section, we describe a "duality" (or a "polarity" ) between classes of Banach spaces on one 
hand and classes of operators on Lp on the other hand. The general ideas underlying this are 
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already implicitly in Kwapien's remarkable papers |40l Wl\ and Roberto Hernandez's thesis (cf. 
[29]). See also [SU [HI [9l [77]. In connection with the notion of p-complete boundedness from [60], 
we refer the interested reader to [35t Th 1.2.3.7 and Cor. 1.2.4.7] for an even more general duality. 

We seize the occasion to develop this theme more explicitly in this paper. 

Fix 1 < p < oo. Consider a class of operators C acting between Lp-spaces. A typical element of 
C is a (bounded) operator T: Lp{ii) Lp{fj,') where {Q,,A,ij,) and {Q',A',fi') are measure spaces. 
We can associate to C the class C° of all Banach spaces X such that Tx ■ Lp{fi; X) — > Lp{^'; X) is 
bounded for any T in C (as above). 

Conversely, given a class B of Banach spaces, we associate to it the class B° of all operators 
T between two Lp-spaces (as above) such that Tx is bounded for any X in B. This immediately 
raises two interesting problems (the second one is essentially solved by Theorem 14.51 below): 

Problem 4.1. Characterize C°°. 

Problem 4.2. Characterize B°°. 

4.1 

One can also formulate an isometric variant of these problems: one defines C° (resp. B°) as those 
X's (resp. those T's) such that ||Tx|| = ||T|| for all T in C (resp. for all X in B). In particular: 

Problem 4.3. Given an n x n matrix a = [aij] of norm 1 when acting on the n-dimensional 
Euclidean space £2, characterize the class {0}°°, i.e. the class of all n x n matrices b = [bij] such 
that ^ 1 for all X such that ||ax|| ^ 1- 

Remark 4:A. Note that for any C, the class of all X such that ||Tx|| < 1 for all T in C is stable under 
ultraproducts and £p-sums. Moreover, if X belongs to the class, all subspaces and all quotients of 
X also do. 

4.2 

We should immediately point out that the extreme cases p = \ and p = 00 are trivial: In that case, 
C° always contains all Banach spaces and B° all operators. In the isometric variant the same is 
true. 

In what precedes, we have allowed fi and fi' to vary. If we now fix fi and fi' and consider 
C C B{Lp{fi), Lp{fj,')) we can define C°° as the class of those T in B{Lp{fj.), Lp{^')) such that Tx is 
bounded for all X in C°. In this framework. Problem 14.11 is somewhat more natural. 

Nevertheless, in both forms, very little is known about Problem 14.11 except some special cases 
as follows: 

4.3 

If C is the class of all bounded operators between Lp-spaces, it is trivial that C = C°° . 
4.4 

lip = 2 and C = {J-} where J- denotes the Fourier transform acting on L2 either on Z, T or M then 
C°° is the class of all bounded operators between L2-spaces. In the isometric variant, the same 
holds. This is due to Kwapien [iO] . 
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4.5 



The preceding can also be reformulated in terms of type 2 and cotype 2 (see [IS] for these notions), 
using Q = {—1,1}^ equipped with its usual probability measure /i and denoting by (e„) the 
coordinates on 0. Let Ti : £2 ^ ^2(^1,^) (resp. T2: L2{^, £2) be the linear contractions 

defined by TiCn = £n and T2/ = Se„ / fsn dfi. Then {Ti}° (resp. {^2}°) is the class of Banach 
spaces X of type 2 (resp. such that X* is of type 2). Therefore, {Ti, T2}° is the class of X such that 
X and its dual are of type 2, i.e. are Hilbertian, and hence {Ti,T2}°° is the class of all bounded 
operators between L2-spaces. 

4.6 

If (r2,/x) is as in 14.51 let P : -Z>2(m) L2{^) denote the orthogonal projection onto the closed span 
of the sequence of coordinate functions {Sn}- Then {-P}° is the class of the so-called i^T-convex 
spaces, that coincides with the class of spaces that are of type p for some p > 1, or equivalently do 
not contain £"'s uniformly (see [l9] for all this). 

Bourgain's papers [4], El E] on the Hausdorff- Young inequality in the Banach space valued case 
are also somewhat related to the same theme. 

4.7 

If C = {T} where T is the Hilbert transform on ip(T) (or Lp(M)), then C°° contains all martingale 
transforms and a number of Fourier multipliers of Hormander type. This is due to Bourgain [3]. 
Conversely if C is the class of all martingale transforms, then it was known before Bourgain's paper 
that C°° contains the Hilbert transform and various singular integrals. This is due to Burkholder 
and McConnell (cf. [IH llOj). This leaves entirely open many interesting questions. For instance, 
it would be nice (perhaps not so hopeless ?) to have a description of {T}°° when T is the Hilbert 
transform on Lp(T), say for p = 2. See [201 [55] for results in this direction. 

4.8 

In sharp contrast, Problem l4.2l is in some sense already solved by the following theorem of Hernandez 
|29] . extending Kwapien's ideas in [41]. Kwapieh proved that a Banach space X is C-isomorphic 
to a subquotient of Lp iff \\Tx\\ < C'll^'ll for any operator on Lp. In particular, with the notation in 
Problem 14.11 taking C = 1, this says that if C is the class of all operators on Lp, and B is reduced 
to the single space C, so that C = B° then C° = B°° is the class of subquotients of Lp. 

Theorem 4.5 ([29j). With the above notation, B°° is the class of all subspaces of quotients of 
ultraproducts of direct sums in the ip-sense of finite families of spaces of B, i.e. spaces of the form 

I © ^ J with Xi ^ B for all i in a finite set /. 
V ie/ / p 

Note that for p = 1 (resp. p = 00) every Banach space is a quotient of £1 (resp. a subspace of 
^00)) so we obtain all Banach spaces, in agreement with 14.2] above. 

To abbreviate, from now on we will say "subquotient" instead of subspace of a quotient. Note 
the following elementary fact: the class of all subquotients of a Banach space X is identical to the 
class of all quotient spaces of a subspace of X. Therefore there is no need to further iterate passage 
to subspaces and quotients. 

The isomorphic version is as follows: 
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Theorem 4.6 (|29j). Let C > 1 be a constant. The following properties of a Banach space X are 
equivalent: 

(i) X is C -isomorphic to a suhquotient of an ultraproduct of direct sums in the (.p- sense of finite 



families of spaces of B, i.e. spaces of the form ( © ^ I with Xi £ B for all i in a finite 
set I. 

(ii) \\Tx\\ < C for any n and any T: — > such that sup{||Ty|| | Y £ B} <1. 
Since the detailed proof in [30] might be difficult to access, we decided to outline one here. 



First part of Proof of Theorem \4.b\ (i) (ii) is obvious. Assume (ii). Since B is stable by £p-sums 
we may reduce to the case when B is reduced to a single space, that is to say B = {£p(^)}, (just take 
^ = (0 ^ Y)p). Then since X embeds isometrically into an ultraproduct of its finite dimensional 

subspaces and since (ii) is inherited by all finite dimensional subspaces of X, we may reduce the 
proof of (ii) =^ (i) to the case when dim(X) < oo. Thus we assume that dim(X) < oo. Fix e > 0. 
There is an integer and an embedding Ji : X — > £^ such that 

(4.1) \/x(^X ||x||(l + e)"^ < ||Jij;|| < 
Similarly there is (for N large enough) an embedding J2 : X* such that 

(4.2) v^GA* iieii(i + ^)-'< 11^2^11 <iieii. 

Let u = JiJ|: £1 ^ Note ||u|| < ||Ji||||J2|| < 1- Then we easily deduce from (ii) that for all 
n and all T: ^ we have 

\\T^u: e;{if)^i;ie^)\\<c\\T;,\\. 

The proof will be completed easily using the next Lemma. □ 

Lemma 4.7. Consider a linear map u: (.^ ^ Let X he an N -dimensional Banach space and 
1 <p < 00. Assume that for any T: £p ^ ip we have 

\\T^u: e^{e^)^e^{C)\\<c\\T;,\\. 

Let B be the class of all spaces of the form i'p{X) with n > 1. Then 

7B(n) < C. 

To prove this we first need: 
Lemma 4.8. Let B be as in the preceding Lemma. For v. we set 

^%{v) = sup{|tr(™)| \ u: ^ C ^sin) < 1}. 

Then 7^(f) ^ ^ iff there are diagonal operators D : £^ £p , D' : £p ^ (-i with \\D\\ < 1, 
\\D'\\ < 1 and T: with \\Tx\\ < 1 such that 

(4.3) V* = D'TD. 

Equivalently if we denote by (Xj) (resp. fii) the diagonal coefficients of D (resp. D') we have 

7«W=inf{(El«K)'"' 11^x11 (El>.l')""} 

where the infimum runs over all possible factorizations of the form (|4.3p . 
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Proof. Let [uij] and [vij] be the matrices associated to u and v so that 



tr{uv) = y^UjjVjj. 



Assume 7^(v) < 1. Consider an A^-tuple xi, . . . jXjy (resp. ^i, . . . ,(,n) of elements of ip{X) (resp. 
£p(X*)) for some integer n > 1. Assume Uij = {S,i,Xj). Then u = mJm2 where U2ej = xj and 
''J'l^i = so that we have 

1b{u) < sup||xj||sup||^i||, 
j i 

and hence 



(4.4) 



'^Vji{Ci,Xj) < sup llxjil sup ll^i 



Let us denote xj = {xj{k)) and = {£,i{k)) so that \\xj\\ = {^i^\\xj{k)\\P)^^''' and 
,\ i/p' 

Efc ) • With this notation ([OI) becomes 



k ij 



<sup (^j|x,(fc)ir)'^'sup (^jie. 

We will use the elementary identity (variant of the arithmetic/geometric mean inequality) 
(4.5) \fs,t>0 
This yields 



aVp' 



11 , / w^s oj-P t 

sptp = ml 1 

(^>0 \ p p 



< - sup iix,(fc)r + i sup iie.(fe)r', 

Pi,. Pi,. 



and hence (note that the right hand side remains invariant if we replace, say, {xj{k)) by {akXj{k)) 
with \ak\ = 1) 



(4.6) 



< - sup V ikfc(fc)ir + ^sup V wmr'- 

p j ^ — Ti' J ^ — ^k 



P' 



Then by a (by now routine) Pietsch style application of the Hahn-Banach theorem (see e.g. [ ]) 
(j4.6p implies that there are probabilities P and Q on [1, . . . , A^] such that the left side of (j4.6p is 



< 



W 1 
+ 



p J '■ — P J — 

In particular for any xi, . . . , xat in X and any ^i, . . . , ^at in X* we have 
Since {ii,Xj) = {Lo^^^i,LOXj) for all w > we can use ()4.5p again and we obtain 



/ ■ 
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Let then Tij = VjiP{{j})-^/PQ{{i})-^/p' . We obtain for all xj in X and in X* 

which means that ||T;t|| < 1. Letting Xj = -P({j})^^^ and fj-i = we obtain vji = fiiTijXj, 

i.e. V* = D'TD with ||L»|| = (E l^jT)^^^ < 1 and \\D'\\ = (El^il^Y^^ < 1- This proves the 



"only if" part. The proof of the "if part" is easy to check by running the preceding argument in 
reverse. □ 

Proof of Lemma |^. 1\ We claim that the assumption on u implies that for any v : £^ with 
7^(1") < 1 we have |ir(nu)| < C. Indeed by Lemma 14.81 anv such v has a matrix Vij that can be 
written vji = ^{TijXj with ||r;i:'|| < 1, 1^ < 1, ^ < 1. We have then 

tr{uv) = '^UijVji = '^Uij^iTijXj = {{T ® u){a),b) 

where a € (.^ ^ £^ and b ^ l^, (E) £^ are defined by a = ^ Xjej ej and b = Y1 fJ-i^i ® Cj. 
But then we have by our assumption on u 

\tr{uv)\ = \{T(S)u{a),b)\ < ||T ® n|| ||a||^^(^iV) < C\\Tx\\ < C. 

By duality we conclude that 

jisiu) = sup{\{u,v)\ 7B- (-u) < 1} < C. □ 

Remark 4.9. The last equality can be rewritten, with the preceding notation, as one about Schur 
multipliers, as follows: 

sup|||[MyTy]||B{£n) I \\Tx\\Biei^ix)) ^ l} = inf jsup \\xj{k)fx) ''^sup \\^i 

where the inf runs over all xi, ■ ■ ■ ,x„ in ip{X) and all ^i, • • • ,(,n in lpi{X*) = lp{X)* such that 
Uij = {^i,Xj) for all i,j = ,n. Indeed, the left hand side is equal to sup{|(n, u)| 7b* (?^) < 1} 
and the right hand side to 7b ("u) with B = {ip{X)}. 

Proof of Theorem \4.6[ By Lemma 14.71 applied to u = JiJ|: £^ — > £^ we have 7b (u) < C. As- 
sume for simplicity 7^(1*) < C. Then, for some integer n, we have a factorization u = a(3 with 
a: £^{X) £^ and £^ f^{X) such that ||a||||/3|| < C. Let S C £'^{X) be the range of /? and 
let 5o C S be the kernel of a\g. Let q: S —>■ S/Sq denote the quotient map and let a: S / Sq ^ £^ 
be the map defined by a\s = aq. Also let /?: £^ ^ S / Sq be defined by = (?/?(•). We have then 
u = J1J2 = a/3. But now a is injective and /3 surjective. Consider the mapping w. S/Sq ^ X 
defined by w{-) = J^^q.{-). Recalling (j4.ip we find \\w\\ < (1 +e)||Q|| < (1 + Moreover, for 

any x in X since J| : — > X is onto, there is y in £^ such that = x, so that w is invertible 
and we have w^^x = (3y. Recalling (j4.2p again this gives us HtLi"^!! < ||/3||(l + e) < + Thus 

we conclude ||t(j||||?ir 

"^11 < (1 + < C(l + e)2. This shows that X is C(l + e)2-isomorphic 

to S/Sq. Letting e — > 0, we find that X is C-isomorphic to an ultraproduct of spaces of the form 
S/So, i.e. of subquotients of £'i{X) {n > 1). □ 
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4.9 

Actually, Hernandez considers more generally (instead of an identity operator) bounded linear 
maps u: Z between Banach spaces that factor through a space X that is a subquotient of an 
ultraproduct of the spaces described in Theorem 14.61 above and defines 

1SQb{u) = inf{||ui||||u2||} 

where the infimum runs over all ^2 : Z ^ X and ui: X ^ Y such that u = uiU2 and over all 
such spaces X. In this broader framework, he shows that 

lSQB{u) = snv{\\T®u: Lp{Z) ^ Lp{Y)\\} 

where the supremum runs over all T: Lp ^ Lp {or T : ip ^ ip) such that ||Tx|| < 1 for any X in 
B. 

In this framework, the "duality" we are interested in becomes more transparent: given a class C 
of operators, say, from Lp{^) to Lp{fi'), we may introduce the dual class formed of all operators 
u: Z ^ Y between Banach spaces such 

VTgC \\T(^u: Lp{Z) ^ Lp{Y)\\ <1. 

Similarly, given a class B of operators n, we may introduce the dual class B^ formed of all T such 
that 

yueB \\T^u: Lp{Z)^Lp(Y)\\<l. 

Here again, one can replace 1 by a fixed constant to treat the "isomorphic" (as opposed to isometric) 
variant of this. 

4.10 

More generally, let 1 < p < oo. We recall for future reference that if ;S is a (non-void) class of 
Banach spaces that is stable under £p-sums (i.e. X,Y £ B ^ X (BpY G B) then the "norm" of 
factorization through a space belonging to B is indeed a norm. More precisely, let us define for any 
operator u: E ^ F acting between Banach spaces the norm 

1b{u) = inf{||ni||||n2||} 

where the infimum runs over all X inB and all factorizations E X — ^ F. Let Tis{E, F) denote 
the space of those u that admit such a factorization. Then Tig{E,F) is a vector space and 7^ is a 
norm on it. See [HI [56j for details. 

4.11 

Note that \\u\\ < 7b (n) and equality holds if u has rank 1. Therefore we have for all n: E ^ F 

\\u\\ < 1b{u) < N{u). 
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5 Complex interpolation of families of Banach spaces 



Let D = {z £ C \ \z\ < 1}. Consider a measurable family {|| H^} of norms on C" indexed by 
z £ dD. By measurable, we mean that z \\x\\z is measurable for any x in C". We will need to 
assume that there are positive functions ki > and k2 > such that their logarithms are in Li(m) 
on dD equipped with its normalized Lebesgue measure m, and satisfying 

(5.1) VzeaDVxGC" ki{z)\\x\\ < \\x\\, < k2{z)\\x\\, 

where ||x|| denotes the Euclidean norm of x (here any fixed norm would do just as well), sometimes 
denoted also below by 

Let X{z) = (C", II \\z)- Following |15j we say that {X{z) \ z G dD} is a compatible family of 
Banach spaces. When this holds for constant functions ki > and /c2 > 0, we will say that the 
family is strongly compatible. 

By [IS] (see also [131 ttH IISl ES]), the complex interpolation method can be extended to this 
setting and produces a family {X(z) \ z E D} of which the original family appears as boundary 
values in a suitable sense (see also [63 [681 |69l [31] for further developments). 

We need to recall how the space X(0) is defined (cf. [HI [II]). Let Wj be an outer function 
on D admitting kj as its boundary values (recall that Wj = exp{uj + iuj) where uj is the Poisson 
integral of logkj). Let < p < oo. We define the space as formed of all analytic functions 
/ such that Wif is in the classical C"-valued Hardy space HP{D,C'^) with boundary values such 

that z \\fiz)\\z is in Lp{m). We set ||/||//p = ( / \\fi^)\\zdm{z))^^P, with the usual convention 

* dD 

for p = oo. Then 

(5.2) VxeC- Ikllx(o) =mf{||/lk-} 

where the infimum runs over all / in such that /(O) = x. Although it appears so at first glance, 
this definition does not depend on the choice of ki as long as we choose ki > such that log/ci is 
in Li (this can be verified using ()5.8p below). 

An equivalent definition which makes this clear is as follows (see below for more on N^): 

(5.3) IklU(o) = inf{esssup ||/(z)|U} 

where the infimum runs over all functions / in the class N^{D, C") such that /(O) = x. The latter 
class iV+(D,C") is defined as that of ah / of the form f{z) = YXfjXj with Xj G C", fj G N+ 
{k>l). 

We now give some useful background on the Nevanlinna class A^^ (see |17l p. 25] and \J1\ §4]). 
The class A^+ is the set of all analytic functions / : D ^ €. such that sup / log^|/(r2;)| dm{z) < 

r<l 

oo (i.e. / G A^) and moreover such that, when r — > 1 

j log+|/(rz)| dm{z) j log+|/(z)| dm{z), 

where {f{z))z£dD denote the non-tangential limit of / (which exists a.e. as soon as / G A^). Let 
fr{z) = f{rz). Equivalently, assuming / ^ 0, / G A^^ iff the family {log^|/r.| | < r < 1} is 
uniformly integrable on the unit circle (see [TH p. 65-66] for this specific fact). In that case, we have 

y^D log 1/(01 < / log|/(z)|d^«(z) 

JdD 
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where //^ denotes the harmonic probabihty mesure on dD for the point ^ G D. Equivalently /z^ is 
the probabihty on dD admitting the Poisson kernel of ^ as density relative to Lebesgue measure. 
More explicitly if 

^ = re^*o z = e'* (0 < r < oo, to, * G [0, 2tt\) 

then we have 

(^■^' = = l-2„os(.-.„) + ,.^ 1^ 

More generally, for any norm on C" (writing the norm as a sup of linear functionals) and any 
/ in iV+(D,C"), we have 

(5.5) Veel) log||/(OII</ log||/(z)||<i/(z). 

JdD 

and hence 



(5.6) V^GI) 11/(011 <esssup||/(z)||. 

dD 

It is known that A^"*" is a vector space and even an algebra (see |71l p. 65-66]) and H'^ C C 
for any < p < oo. Clearly, these inclusions remain valid for the corresponding spaces of C"-valued 
functions, denoted by HP{D, C"), N+{D, C"), N{D, C"). In particular, we have (note that Wi and 
its inverse are in iV+) H"^ C iV+(L>,C"). 

We will need several basic properties of the interpolation spaces. 

5.1 

Assume that the family {X{z) \ z £ dD} takes only two values, i.e. we have a pair (Xq,Xi) and 
a measurable partition dD = do U di such that X{z) = Xq when z £ do and X{z) = Xi when 
z £ di. Let 6 denote the normalized Haar measure of di. Then we recover the classical (Calderon- 
Lions) complex interpolation space {Xo,Xi)g. Indeed, it is proved in [T5l Cor. 5.1] that the family 
{X{z) I z G D} that extends and interpolates the data on dD, is simply the one given by setting 

X(z) = (Xo,Xi),(,) 

where, for any z inside D, 9{z) is defined as the harmonic extension inside D of the indicator 
function of di. In particular, since 0(0) = 9, we have (isometrically) 

X(0) = (Xo,Xi)e. 

5.2 

For any analytic function / in H"^, or in A^+(D,C"), and any ^ G D we have 

iog||/(OIU(o < / iog||/(z)IU(.)d^«(^), 

JdD 

and the function ^ ^ log ||/(C)||x(§) is subharmonic in D. In particular 

(5.7) log||/(0)|U(0) < / log||/(z)|U(.)(im(z). 
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This shows that for any x G 



(5.8) \\x\\x{0) = inf jexp ^^^log||/(z)||x(^)C??n,(z; 



X. 



where the infimum runs over all / in (or in N^{D, C")) with /(O) 

One can deduce from this that if we replace by in ()5.2p {0 < p < oo) the infimum 
remains the same, i.e. we have 

VxGC" l|x||x(0)=mf{||/||/^j|/G^^ /(0) = x}. 

In particular, using say p = 2, one can describe the dual X{0)* as the interpolation space associated 
to the dual family {X{z)* \ z £ dD}. More precisely, if we set Y{z) = X{z)* (note that this is still 
compatible), then we have 

X{0)* = Y{0) isometrically. 



5.3 

The fundamental interpolation principle for families (inspired by Elias Stein's classical result) takes 
the following form: Let z T{z) be a function in with values in the normed space i?(C") of 
linear mappings on (C", || • ||). Then 

(5.9) log||r(0)||B(x{0)) < / log\\T{z)\\Bixiz))dm{z). 

Indeed, for any / e iV+(Z),C"), the function z ^ T{z)f{z) is in iV+(i:»,C"), and hence if /(O) = x 
we deduce from (j5.7p 

log||T(0)x||^(0) < / \og\\T{z)f{z)\\x(^,)dm{z)< [ log ||T(z)||^(,)dm(z) + log 

JdD JdD ^ 

from which (j5.9p is immediate. 



5.4 

Let z liz) > be a positive function on dD such that log7 is in Li{m). Then there is an outer 
function F on in the Nevanlinna class admitting 7 as (nontangential) boundary values. Let 
{X(z) I z £ dD} be a compatible family, with norms || H^. Let Y{z) be C" equipped with the 
norm 

X — > |F(2;)| ll^ll^. 
Then Y{0) is isometric to ^(0), and actually: 

(5.10) VxgC" ||x||y(o) = |F(0)|||x|U(o)- 

Indeed, note that {y(z)} is a compatible family and if Wi,W2 are associated to ki,k2 as above, 
then WiF and W2F play the same role for the family {Y{z)}. Let H'^{X} and H'^{Y} denote 
the corresponding spaces H'^ as defined above. It is then a trivial exercise to check that 

/ G H^{X} ^ fF-^ G H^{Y}. 
By ([52]), this clearly implies (lETOl) . □ 
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5.5 



In particular, this shows that we can always reduce to the case when ki = 1 (resp. k2 = 1) simply 
by choosing F = W^^ (resp. F = W2^) in 15.41 

5.6 

We will say that two compatible families {X(z) \ z G dD} and {Y{z) \ z G dD} of n-dimensional 
spaces are "equivalent" if there is an invertible analytic function F: D ^ Af„ in the Nevanlinna 
class A^^ (i.e. with each entry in A^^) such that 

yz G dD ||F(z)x||y(^) = 

Here, "invertible" means that F{z) is invertible for all z in D, and that z — > F(z)~^ is also in iV+. 
Recall that A^^ is an algebra. Then, using (j5.3p . we have clearly: ^(0) ~ ^(0) isometrically and 
F{0): X{0) — > Y{0) is an isometric isomorphism. 

The following lemma shows that on the subset C C dD where X{z) is Hilbertian, we may 
assume after passing to an equivalent family that X{z) = P!^ for (almost) all z in C . 

Lemma 5.1. Any compatible family {X{z) \ z G dD} of n-dimensional Banach spaces is equivalent 
to a family {Y{z) \ z G dD} such that 

Y{z) = q 

for (almost) all z such that X{z) is Hilbertian. 

Proof. By l5.51 we may assume that the compatibility condition has the form fei ||x|| < < 
Vx G C", with logfci in Li. 

Let C C dD be the set of z's such that X{z) is (isometrically) Hilbertian. Then there is clearly 
a measurable function ip: C — > (M„)_|_ such that 

Vx G C" ll^llx(2) ~ {'^{z)x^x) 

where (•, •) is the usual scalar product in C". Let us extend ip arbitrarily outside C, say by setting 
'p{z) = I for all z outside C . By the compatibility assumption, we have clearly ki[-)I < (p{-) < /. By 
the classical matricial Szego theorem (cf. e.g. [27j) there is a bounded outer function F: D ^ Mn 
such that |i*'(2)P = F{z)*F{z) = ip{z) on dD. We now define Y{z) by setting 

Vx G C" \\x\\Y(z) = \\F{zy^A\x{z)- 

Note that for any z in C we have 

ll^^lln^) = {v{z)F{z)-^x,F{z)-^x) = ||x|||. 

This proves the lemma. □ 

5.7 

Let {X{z) I z G dD} be a compatible family. Let || • ||^ denote the norm in X{^) {S, G D). For any 
C^-valued analytic function f on D, the function log 11/(011^ is subharmonic in L*. A fortiori, 
by Jensen, the function ^ ^ 11/(0 Ik subharmonic in D. Any norm valued function on D with 
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this property is called subharmonic in [16j . Now suppose for any x £ C" the function x \\x\\z is 
continuous and bounded on dD. Then for any z E dD and any x G C" 

limsup ||x||g < 

It turns out that the norm valued function || • ||^ is the largest among all the subharmonic ones on D 
satisfying this. Coifman and Semmes [16^173) used this characterization to develop an interpolation 
method on domains on with d > 1. Independently Slodkowski \74\ I75j introduced several new 
interpolation methods. The possible consequences of these ideas for the geometry of Banach spaces 
have yet to be investigated. 

6 ^-Hilbertian spaces 

Definition. • We will say that a finite dimensional Banach space X is 0-Euclidean if X is 
isometric to the complex interpolation space X{0) associated to a compatible family {X{z) \ 
z € dD} of Banach spaces such that X(z) is Hilbertian for all z in a subset of dD of 
(normalized) Haar measure > 9. 

• If this holds simply for all z in Jg = {e'^^it I < t < 6*} then we say that X is arcwise 
^-Euclidean. 

• We will say that a Banach space is 0-Hilbertian (resp. arcwise 0-Hilbertian) if it is isometric 
to an ultraproduct of a family of ^-Euclidean (resp. arcwise ^-Euclidean) finite dimensional 
spaces. 

The preceding terminology is different from the one in our previous paper [58] • There we called 
0-Hilbertian the Banach spaces that can be written as {XQ,Xi)g for some interpolation pair of 
Banach spaces with Xi Hilbertian. We prefer to change this: we will call these spaces strictly 
0-Hilbertian. 

We suspect that there are 0-Hilbertian spaces that are not strictly 0-Hilbertian (perhaps even 
not quotients of subspaces of ultraproducts of strictly 0-Hilbertian spaces), but we have no example 
yet. This amounts to show that in (j6.5p below we cannot restrict X to be strictly 0-Hilbertian. 

Let Z, Y be Banach spaces. Recall that we denote by Th{Z, Y) the set of operators u: Z ^ Y 
that factorize through a Hilbert space, i.e. there are bounded operators ui: H ^ Y, U2'- Z ^ H 
such that u = uiU2- We denote 

jh{u) = inf{||ni|| ||n2||} 

where the infimum runs over all such factorizations. 

Similarly, we denote by TgniZjY) (resp. ^^(^ZY)^ °^ factor through a 6- 

Hilbertian space (resp. arcwise 0-Hilbertian) and we denote 

leniu) = inf{||ni||||'U2||} (resp. ^^{u) = inf{||ui||||n2||) 

where the infimum runs over all factorizations u = U1U2 with ui: X ^ Y, U2- Z ^ X and 
with X 0-Hilbertian (resp. arcwise 0-Hilbertian). Note that, since "0-Hilbertian" (resp. arcwise 
0-Hilbertian) is stable under £2-sums, this is a norm (see 14. 10"]) . 

Lemma 6.1. Fix n > 1 and < 6 < 1. Let E,F be n- dimensional Banach spaces. Then for any 
linear map u: E ^ F we have 

leuiu) < 1§h{u) < \\u\\(^B{E,F),rHiE,F))g- 
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More precisely, if \\u\\{B{E,F),rH{E,F))e ^ 1 ^'^'^ if u is a linear isomorphism, then u admits a 
factorization u = U1U2 with \\u2'- E X\\ < 1 and \\ui: X ^ F\\ < 1 where X = X{{)) for a 
compatible family {X{z) \ z G dD} such that X{z) ~ ^2 ^-^ £ Je o.'^d X{z) ^ F 'i z ^ Jq . (We also 
have X = y(0) for a family {Y{z)] such that Y{z) c^q\lz(^ Jg and Y{z) c^E\/z^ Jq.) 

Proof. Since linear isomorphisms are dense in B{E^ F), it clearly suffices to prove the second ("more 
precise") assertion. Assume \\u\\(^B{E,F),rH{E,F))g ^ 1- As is well known, by conformal equivalence, 
we may use the unit disc instead of the strip to define complex interpolation. We have then 
u = u{0) for some function z 1— > u{z) in H^{D, B{E, F)) such that esssup^^j^ ^ 1 

and esssup^gjg ||ii(-z)||rH(-B,-F) — ^- Therefore, (using a measurable selection, see II. 9p we can find 
bounded measurable functions z U2{z) £ B{E,£2) and z ui{z) S B{i2,F) such that u{z) = 
ui{z)u2{z) and esssup^^j^ ||ni(z)|| < 1, esssup^gj^ ||u2(z)|| < 1. 

We may view our operators as n x n matrices (with respect to fixed bases) and define their 
determinants as those of the corresponding matrices. Note that since z 1— > det(n(z)) is analytic, 
bounded and non identically zero, we must have det{u{z)) 7^ a.e. on dD and (by Jensen, see 
e.g. [I71[22]) log I det(n(z))| must be in Li{dD). Moreover, the classical formula for the inverse 
of a matrix shows (since u is bounded on D) that there is a constant c such that ||n(z)~^|| < 
c| det(n(z))|~^ a.e. on dD. Therefore, if v(^) = ll^(-2)~^ ||~^) we have 

log if > —00 

and since ip{z) < \\u{z)\\, we obtain logy? € Li{dD). Note that we have 

det(n(2;)) = det{ui{z)) det{u2{z)) 

and hence since ui,U2 are bounded on dD, there are constants ci,C2 such that |det(ti(z))| < 
Cj\ det{uj{z))\ a.e. on dD for j = 1,2. Thus letting ipj = ||nj(z)~^ ||~^, the same argument yields 

log VP, G LiidD). 

We then define for any x in E 

Je \\x\\x{z) = ll'"(^)a^l|F, lk||y(2) = \\x\\e 

G Je \\A\x{z) = \\A\y(z) = \\u2{z)x\\q. 

From the preceding observations on Lpi and (^2 it is easy to deduce that (jS.ll) holds with log(A;i) 
and log(/c2) in Li(dD). Therefore {X{z)) and (Y{z)) are compatible families. Then \/z € dD 

\\u{z)x\\f < \\x\\x{z) < \\x\\e- 
By consideration of the constant function equal to x we find 

||a:|U(o) < \\x\\e- 

Then, for any analytic / : D ^ E in with f{0) = x we can write by ()5.6p 

\\ux\\f = ||n(0)/(0)||F < ess sup \\u{z)f{z)\\F < ess sup ||/(2;)|U(^), 

zedD zGdD 

thus, taking the infimum over all possible /'s, we conclude 

\\ux\\f < \\x\\x{o) < ll^^lb- 

This clearly shows that u factors through X{0) with constant of factorization < 1. Similarly, u 
factors through 1^(0) with factorization constant < 1. □ 
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Theorem 6.2. Let < 9 < 1. For any n > 1 we have isometric identities 

(6.1) (i?(^?,C),r^,(£?,C))e = roH{n,r^) = r.^ie^r^] 



•n 

OO 5 



Proof. Let u: ^" — > be such that •yoHiu) < 1, i-e. there is X 0-Hilbertian and ui : X 
U2- ii^X with < 1, ||u2|| < 1 such that u = uiU2- By compactness, we may as weh assume 
that X is finite dimensional and 0-Euchdean. Let then hj = U2ej £ X and ki = u\ei G X* . We 
have Uij = {ki,hj), and 

sup||/ij||x < 1, sup||A;j||x* < 1- 

Writing X = X{0) for a compatible family such that X{z) is Hilbertian on a set of measure > 9 
we find analytic functions hi(z), kj{z) in A^"'"(D,C") such that 

ess sup||/ij(z)||2 < 1, ess sup||/ci(2:)||* < 1 

and /ij(0) = hj, ki{0) = ki. This gives us a matrix valued function Fij{z) = {ki{z), hj{z)) in 
with associated operator F{z) : — > i'^ such that ^h{F) < 1 on a set of measure > 9 and ||-F|| < 1 
otherwise. (Indeed, ||F|| = sup|Fjj| < sup ||A;j||* sup ||^). By 15. H this shows that 

and since -F(O) = u, we have proved \\u\\(^B{e'i,e^),rH{i",e^))g — 1oh{u). Conversely, by Lemma \67\] 
we have < ||'u||(B(^"/g^),rj^(£"/go))e- Since we have trivially jgniu) < 7^(ti), this proves 

(EH). □ 



To supplement the preceding result, the next proposition gives a simple description of the norm 
in the dual of the space {B{£^, i^), Th{£i, ^Sd))^- By the duality property of complex interpolation 
(cf. d p. 98]) the latter space coincides isometrically with £J^)*, rjy(£^, £J^)*)e. We wih use 

the classical duality between linear maps u: PI ^ £^ and linear maps v : if defined by 

= tr{uv) = tr{vu). 

With this duality, it is classical (see 52 above) that we have isometric identities 

i?(£^C)* = iv(C,^?)=^f 

and 

where r|^(^So)^i) denotes B{P^,Pl) equipped with the norm 7|^(.) defined by (see ll.Sh 

7|^(v) =inf |(^^|Aip) ^ \\a\\B{q) ' 

with the infimum running over all factorizations of v of the form 
(6.2) Vz,j = 1, . . . ,n Vij = XiQijfij. 

Proposition 6.3. Fix n > 1 and < 9 < 1. Consider v: i"^ — > Then v belongs to the 
(closed) unit ball of (A^(^^, £"), rj^(f^, £"))0 ifj there are X, fi in the unit ball of £2 o,''^^ a with 
\\'^\\{Br(q),B(q))0 < 1 such that Vij = Xiaijfij for all i,j = 1, . . . ,n. 
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Proof. We first prove the "if part." Fix A, /i in the unit ball of £2- By Proposition 11.21 the 
linear mapping a [AjOjj/ij] has norm < 1 simultaneously from Br{i2) to ^i^ooi^i) from 
B{q) to r*^{e'^,i'l). Therefore, by interpolation it also has norm < 1 from to 
(A^(C,^?),rH(C>^i))e- This proves the "if part." 

Conversely, assume that v is in the open unit ball of {N{£2o,^i),'^H{^^i^i))e- 
Let S = {z£C\0< Re(2;) < 1} be the classical "unit strip", and let dj = {z £ C \ Re(2;) = j}, 
j = 0, 1. By the definition of complex interpolation, by Proposition 11.21 and a routine measurable 
selection argument (see II. 9p . we can write Vij = Vij{6) where Vij{-) is a bounded analytic matrix 
valued function defined on the strip S admitting a factorization of the form Vij{z) = \i{z)aij{z)^j{z) 
where 

ess sup max < I Aj(2:)p, (z)l^ > < 1 

together with 

(6.3) ess sup \\{aij{z))\\B^i^q) < 1 

zedo 

and 

(6.4) ess sup \\{aij{z))\\Bic}) < 1. 

Replacing Xi{z) and fij{z) respectively by e + |Aj(2:)| and e + \fij{z)\ with e > chosen small enough 
we may as well assume that |Aj(-)| and |/Uj(-)| are all bounded below. Then there are bounded outer 
functions Fj , Gj on S such that 

\Fi{z)\ = \Xi{z)\ and \Gj{z)\ = \i2j{z)\. 

We may without loss of generality (since the bounds (j6.3p . (j6.4p are preserved in this change) 
assume that Xi{z) = Fi{z) and Gj{z) = ^j{z). But then 

aij{z) = Fi{z)~^Vij{z)Gj{z)~^ 

must be analytic on S and hence by ()6.3p and ()6.4p we have 

\\{O'ij{0))\\{Br{e'i),B{q))g < 1- 

Thus we obtain 

with Xi = Fi{0),fj,j = Gj{6), Oij = aij{9). 

Note that A,^ are in the unit ball of £2 by the maximum principle applied to (-Fj) and {Gj). 
This proves the "only if part" except that we replaced the closed unit ball by the open one. An 
elementary compactness argument completes the proof. □ 

The main result of this section is perhaps the following. 

Theorem 6.4. Let TC{9,n) be the set of n- dimensional arcwise 9-Hilbertian Banach spaces. Let 
< < 1. Consider the complex interpolation space B{0,n) = (i?,.(^2)' ^(^2 ))6'- Then for any T 
in 5(^2) have 

(6-5) \\T\\B{e,n) = sup \\Tx\\B{q(x))- 

xeH(e,n) 

Moreover, we will show that equality still holds if we restrict the supremum to those X that can be 
written X = X(0) for a compatible family such that X{z) ~ ^2 ^-^ ^ -^0 '^''^d X{z) ~ Vz ^ ,7$, 
where ~ means here isometric. 
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Proof. On one hand, we have for any Banach space X 

\\Tx\\ < \\T\\Br(e^) 
and on the other hand if X is Hilbertian 

\\Tx\\ < \\T\\B{q)- 

Therefore, if X is arcwise 6'-Euchdean (resp. X G Ti.{6, n)), the inequahty \\Tx ^ l|2^llB(e,n) 

is a direct consequence of the interpolation principle 15.31 (resp. and Remark I4.4p . We skip the easy 
details. 

To prove the converse, we will use duality. We claim that if ip in -6(^2) open unit ball 

of B{9,n)* and is invertible, then there is a space X in TC{9,n) such that 

(6.6) \^{T)\ < \\Tx\\Biqix)) 
for any T in B{e^). 

This obviously implies that the supremum of over such ip^s is < sup \\Tx \\ and hence, 

by Hahn-Banach and the density of invertible matrices, equality follows in (j6.5p . 
We now proceed to prove this claim. Let tp be as above. Note that (cf. O P- 98]) 

(6.7) B{d,nr = {Br{qr,B{i^r)e. 

The norm in ^(^2)* is of course the trace class norm. 

Since ||v3||_B(6i,n)* < li there is a bounded analytic function (p: S ^ Mn such that 99(0) = if and 

max{ess sup \\ip{z)\\B,(q)* , ess sup \\(p{z)\\B{q)*} < 1- 

z£do zedi 

By Proposition 11.31 and a routine measurable selection argument (see ll.Op . we can find measurable 
functions X{z) and fi{z) on dS such that 

(6.8) ess sup max | V \Xi{z)\\ V \fij{z)\^} < 1 

zeds ^ J 

and a measurable function v. z ^ B{Pl^P^) such that 

(6.9) max{esssup \\v{z)\\B[q,ir^),ess sm^ \\v{z)\\YH{q,i^)] < 1, 

2e9o z£d\ 

satisfying 

(6.10) = Xi{z)vij{z)fij{z). 

We may replace (Aj) and (nj) by (|Ai| + e) and (|/ij| + e) where e > is chosen small enough so 
that (j6.8p still holds. If we modify Vij{z) so that (j6.1Up still holds (i.e. replace Vij{z) by Aj(|Aj| + 
e)~^Vijfij{\fij\ +e)~"'^), then (j6.9p is preserved. 

But now there are bounded outer functions (Fj) and (Gj) on S such that \Fi\ = Xi and \Gj\ = fij 
on dS. Therefore if we define 

Vij{z) = Fi{z)-^ipij{z)Gj{z)-^ 
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then z — > V{z) is analytic on S and satisfies 

max{ess sup ||y(z)||B(<.n^£g^), ess sup \y {z)\YH{P{.t'i,)\ < 1- 

Therefore, on the one hand 

(6-11) \\y{0)\\{Biq/^),TH{e^,eii,))o < 1' 

on the other hand by the maximum principle 

max{^|F,(0)p,^|G,(0)p}<l, 

and finally ipij = (pij{0) = Fi{0)Vij{0)Gj{0). Since if is invertible V{0) is also invertible. By (j6.1ip 
and Theorem 16.21 there is a space X in 7i{9,n) and elements Xi G X* , yj G X with < 1, 
II < 1 such that 

Vij{0) = {xi,yj). 
Let x[ = Fi{0)xi and y'j = Gj{0)yj. Then we find 

^(T) = Yl 'fa^ij = (^i' ^^^y'j 

and hence as announced 

l'^(r)|<||rx|| (Ell^^ll'Ell2/;-ll')'^'^ll^^ll- 

□ 

Remark 6.5. Consider ip in 5(^2)- It follows from the preceding proof that 

1/2,, „ ,^Nl/2 



inf v\\(R(pn fn \T„(eX^ Jri \\, 



where the infimum runs over all factorizations of ip of the form 93 = XiVijfij. Indeed, < follows 
immediately from Proposition 11.31 by interpolation and the converse is proved above (since we may 
reduce by density to the case when ip is invertible). 

Corollary 6.6. Let {Q,A,fi), {Q',A',fj,') be a pair of measure spaces. Let B,. = B,.{L2{fi), L2{fJ,')) 
and B = B{L2{^) , L2{^')) ■ Fix < ^ < 1. Then the space {Br,By consists of those T in B such 
that Tx is bounded for any arcwise 9-Hilbertian Banach space X. Moreover, 

(6.12) \\niBr,B)o= sup llTxIl =sup||rx|| 

n,x&n{e,n) 

where the last supremum runs over all arcwise 9-Hilbertian Banach spaces X. 

Proof. By routine arguments, we can reduce this to the case when ^, ^' are probabilities. Then it 
is easy to see (e.g. using jl2l p. 229]) that 

ni(B.,ij)« =sup||E^'rE^||(B,,B)« 

where the supremum runs over all finite cr-subalgebras B <Z A, B' <Z A! . Similarly ||rx|| = 

sup ||(E^'rE^)x||. This reduces (1^1) to the case of finite measure spaces which can be deduced 

B,B' 

from Theorem 16.41 by elementary arguments (approximate the weights by rational numbers, then 
consider the span of suitable blocks on the canonical basis of ^2)- D 
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Corollary 6.7. Assume that a Banach space X satisfies Ax{s) G 0(e") for some a > 0. Then, 
for any < a, X is isomorphic to a subquotient of an arcwise 6-Hilbertian space. 

Proof. By Theorem 16.41 and Theorem 14.51 (with p = 2), it suffices to show that there is a constant 
C such that, for any n and any T G B{i2), we have 

(6.13) \\Tx\\<C\\T\\Big,n)- 
Our assumption implies by homogeneity that for any such T 

\\Tx\\<C\\T\n\T\\l-^^. 
By a classical real interpolation result (see [21 p. 58]), this can be rewritten as 

\\Tx\\ < C'\\T\\(Br{ei^),B(ei^)U,i- 

Therefore, the conclusion follows from the general fact (see |2| p. 102]) that whenever we have an 
inclusion Bq C Bi, there is a constant C (depending only on a and 9) such that for any 6 < a 
and any T in Bq 

\\T\\(Bo,Bi)^,i < C \\T\\^Bo,Bi)o- 

This yields the announced (|6.13p . □ 

Recalling Theorem 14. 6[ the next statement is now a consequence of Theorem 16.41 
Theorem 6.8. Let C > 1 be a constant. The following are equivalent: 

(i) X is C -isomorphic to a quotient of a subspace of an arcwise 9-Hilbertian space. 

(ii) ||Tx|| < C for any n and any T such that \\T\\^Br{i2),B{ei^))g — 1- 

Proof. Just observe that the class of arcwise ^-Euclidean (or that of 0-Hilbertian) spaces is stable 
by ^2-sums and apply Theorem 14.61 to the class B formed of all the 0-Euclidean spaces. □ 

7 Arcwise versus not arcwise 

At the time of this writing, we do not see (although we suspect there is) a direct way to reduce 
the arcwise notions of ^-Euclidean or 0-Hilbertian to the non-arcwise ones. However, it follows 
a posteriori from our main result that any 0-Hilbertian space is a subquotient (or equivalently a 
quotient of a subspace) of an arcwise one. 

Indeed, consider a 0-Euclidean family {X{z) \ z £ dD}, i.e. one such that 

m{{z G dD I X{z) Hilbertian}) > 9. 

Let a{z) be the indicator function of the set Ti = {z £ dD \ X{z) is Hilbertian}, and let Tq = 
dD\ri. We now let 

Bo = Br{q) Bi = B{q), 

and consider the family 

p{z) = z e dD. 

Note that -Ba(^) = Bi on Fi and -Ba(2) = on Tq. By [151 Cor. 5.1], we have isometrically 

(7.1) /3(0) = (i?o,i?i)„(o) 
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where a(0) = / a{z) dm{z) = m{Ti) > 9. Consider now T in the open unit bah of B{6,n). By 
(j7.ip . we have 

\\T\\m < 1- 

Therefore, there is an analytic function T(-) in the space relative to the family {P{z) \ z £ dD} 
satisfying esssupg^, \\T{z)\\p(^^j < 1 and r(0) = T. Let Y{z) = i^{X{z)). Clearly (see [El EI]) we 
have y(0) = ^2 (^(0)) isometrically. Recall dD = ToUTi. Note that for any z G Tj {j = 0, 1) we 
have P{z) = Bj and hence ||r(2;)||B^. < 1. Therefore 

ess sup \\Tiz)^idxi,): e^iX{z)) ^ i^{Xiz))\\ < 1. 

z£dD 

By the interpolation principle 15.31 must have 

||r(o) idxio^ : q{xm ^ e^{x{om < i, 

so that since T = T(0) and X = X(0) we obtain ||Tx|| < 1. By homogeneity, this shows 
(7.2) yTeB{0,n) llTxIl < ||r||B(e,n) 

for all ^-Euclidean spaces X (and not only the arcwise ones as in Theorem 16. 4|) . But, since the class 
of X satisfying (j7.2p is trivially stable under ultraproducts, subspaces and quotients, we find that 
(|7.2|) holds for all quotient of subspaces of 0-Hilbertian spaces. By Theorem 16.81 this establishes 
the following: 

Theorem 7.1. Any 0-Hilhertian space is a quotient of a subspace (or equivalently is a subquotient) 
of an arcwise 9-Hilbertian space. 

Remark 7.2. In particular, since a quotient of a subspace of a quotient of a subspace is again a 
quotient of a subspace, this shows that the properties in Theorem 16.81 are equivalent to 

(i)' X is C-isomorphic to a quotient of a subspace (or equivalently to a subquotient) of a 9- 
Hilbertian space. 

Moreover, this shows that Corollary 16.61 also holds with "0-Hilbertian" instead of "arcwise 9- 
Hilbertian" everywhere. 

8 Fourier and Schur multipliers 

Let G be a locally compact Abelian group. Let M(G) be the classical Banach space of complex 
(Radon) measures on G equipped with the total variation norm: ||//||m(g) = l/^KC). We view as 
usual Li{G) as (isometric to) a subspace of M{G). Recall that the Fourier transform takes M{G) 
to Ch{G) and Li{G) to the subspace of Ch{G) of functions tending to zero at 00. It is traditional to 
introduce the space PM{G) of pseudo-measures on G formally as the set J^~^{L^{G)) of inverse 
Fourier transforms, so that /x G PM{G) iff 

A G ioo(G) and ||^||pa/(g) '= llAlloo- 

Then the multiplication by /i is a bounded operator on L2{G) ("Fourier multiplier"), so that the 
convolution operator [ji]: f ^ f * fj, is bounded on L2{G) and 

(8.1) IIM: L2{G)^L2iG)\\ = MpM(G)- 
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Similarly, it is not hard to see that [fi] is regular iff /i G M{G) and we have 

(8.2) UN: L2{G) ^ L2{G)\U^ = \MMiGy 

Note that with this notation we have a canonical inclusion 

M{G) c PM{G). 

Theorem 8.1. Let < < 1. The space {M{G), PM{G)Y consists of the pseudo-measures n such 
that [^]x is bounded on L2{G;X) for any 6-Hilbertian Banach space X and we have 

\\t^\\{M{G),PM{G))<^ =sup||Mx: L2{X) L2{X)\\ 

where the supremum runs over all such X's. The space {Li(G), PM{G))g coincides isometrically 
with the closure of Li[G) C M{G) in this space. 

Proof. By the amenability of G it is well known that we have a norm 1 projection 

P: B{L2{G)) ^ B{L2{G)) 

from L2{G) onto the subspace {[fi] \ fi G PM{G)}. This is analogous to the projection of -6(^2) 
onto the space of diagonal matrices. Identifying fi with by (|8.ip . this gives us a contractive 
projection 

P: B{L2{G)) ^ PM{G) C B{L2{G)). 

Note that by (|8.2p we have an isometric embedding M{G) C Br{L2{G)). It is easy to show 
(left to the reader) that P{Br{L2{G))) = M{G). By a well known argument, it follows that 
{M{G), PM{G)Y can be isometrically identified with the subspace of {Bj., B)^ that is the range of 
^ — > . From this the first assertion follows by Corollary 16.61 and Remark 17.21 
As for the second one, by [1], the closure of M{G) in {M{G),PM{G)Y can be identified with 
{M{G),PM{G))q. Then using the fact that there is a net of maps Lpa '■ M{G) Li{G) that are 
simultaneous contractions on M{G) and on PM[G) (think of convolution by the Fejer kernel on 
T as the model) and such that ||(/7a(/u) — /u||i for any ^ in Li(G), it is easy to deduce that 
{Li{G),PM{G))e is the closure of Li(G) in {M{G),PM{G))e. □ 

Remark 8.2. It is easy to see that the preceding statement remains valid when G is a compact 
(non-Abelian) group or an amenable group. When G is locally compact amenable, we replace 
PM(G) by the von Neumann algebra of G, i.e. the von Neumann algebra generated by the left 
convolutions by elements of Li{G), or equivalently of M{G). Thus we again have an inclusion 
/i I— > [/i] from M{G) to PM{G), that we use for "compatibility" of the interpolation pair and the 
preceding statement continues to hold. 

We can reformulate Theorem 16.21 as one about "Schur multipliers." Let A4 denote the Banach 
space of all bounded Schur multipliers on B{i2), i.e. Ai consists of bi-infinite matrices [(fij] such 
that the map 

: [oij] [fijCLij] 

is bounded on -6(^2), with norm = -6(^2) B{i2)\\. Let 

M[n] = {(p e M \ (pij = \/i > n\fj > n}. 
We obviously have natural inclusions 

M C £oo(N X N) 
M[n]cit. 
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Corollary 8.3. Let < < 1. Fix n > 1. We have isometrically 

Consider an nx n complex matrix = [^Pij]- Then (p belongs to the closed unit-ball of {i"^, A4[n])g 
iff there are a 0-Hilbertian space X, kj in the closed unit ball of X and hi in that of X* , such that 

(8.3) Vi,j ifij = {kj , hi) . 

More generally, for any ip = [ifij] G ^oo(N x N) 

(8-4) M\(eoo(NxN),My =inf{sup||/cj-||xsup||/ii||x*} 

j i 

where the infimum runs over all 6-Hilbertian spaces X and all bounded sequences (kj) in X and 
{hi) in X* such that (jS.Sp holds. 



Proof. By a classical result, we know that ~ r//(^",£J^) isometrically (see e.g. [BSJ Th. 5.1]); 

moreover it is obvious that ~ B{i'^,i^) isometrically, and "compatibly" with the preceding 
isomorphism. Therefore we may isometrically identify {i^,Ai[n])Q with (B(£", £^), (£", £J^))e, 
which, by Theorem 16.21 coincides with T0}{{ii,i^). But now a mapping cp: ^ is in the 
unit ball of Tq}j{PI,P^) iff it satisfies the condition in Corollarv 18.31 This proves the first (finite 
dimensional) assertion. We leave the extension to the infinite dimensional case to the reader. □ 

Corollary 8.4. The norm (18.41) coincides with the norm of {'Pij) acting as a Schur multiplier on 
{Br{i2), B{i2))e or on (i?r(^2), -8(^2))^- Moreover, it is also equal to its norm as a multiplier from 
{Br{l2),B{£2))e toB{l2). 

Proof. Assume that {pij) is supported on [1, . . . , n] x [1, . . . , n]. Note that Hv^Hai = \\M^p : -6(^2) ~^ 
B{e^)\\ and ||(/?||^^(nxN) = W^- BriP^) ^ ^r(^2)ll- Hence, if ([83]) is < 1, by interpolation we 
must have \\M^: B{e,n) B{e,n)\\ < 1. A fortiori, we have ||M^: B{e,n) B{e^)\\ < 1 or 
equivalently for any A,/i in ^2 ^'^d a in .6(^2) 

^'^ipijOijXifj.j < \\a\\B{e,n)\mei^\\l^\\q ■ 
By Proposition 16.31 the latter implies that 



< 



and hence 

By Theorem 16.21 this implies that (j8.4p is < 1. The preceding chain of implications completes 
the proof when {(fij) is finitely supported. The general case is easy to deduce by an ultraproduct 
argument and pointwise compactness of the unit balls of the spaces of Schur multipliers under 
consideration. We skip the details. □ 

Remark 8.5. In answer to a question of Peller, it was proved in [26] (see also [79]) that, for any 
1 < p < 00, the interpolation space considered in (|8.4p does not contain the space of Schur 
multipliers that are bounded on Sp. The corresponding fact for Fourier multipliers on Lp{G) (with 
respect to Theorem 18. ip has been in the harmonic analysis folklore for a long time. 



37 



9 A characterization of uniformly curved spaces 

We will now try to obtain some sort of "geometric" (or "structural") equivalent description of 
uniformly curved Banach spaces, i.e. those X's such that Ax(e) when e — > 0. 

The main point is the following. This is sort of a real interpolation variant of (j6.ip . 

Lemma 9.1. Let X be a finite dimensional Banach space. Assume that for some n > 1, we 
have linear maps J: X ^ and Q : ^" — > X both with norm < 1. Then, for any e > 0, the 
composition JQ : i'l i'^ admits a decomposition JQ = uq + ui with uj : i"^ such that: 

1h{ui) < 2e-^/\x{e) and \\uq\\ < 2Ax(e). 

The proof combines duality with a change of density argument. By duality, our assertion is 
equivalent to the following: for any v : — > we have 

(9.1) \tr{vJQ)\ < 2e-^l:^x{e)i*H{v) + 2Ax{e)N{v), 

where N{v) denotes the nuclear norm of v. To prove this we need to recall Proposition 11.21 

Proof of Lemma \9.1l It suffices to establish (19. ip for any v. —>■ PI- Assume that £~^^*h{v) + 
N{y) < 1. Then N{v) < 1 and 7|^(f) < £■ By Proposition 11.21 we can write Vij = X'^bijfi'j 
and Vij = Xiaijfij with X, fi, X' , fi' in the unit ball of £2 and with ||6||reg < 1, ^ £■ Let 

£.1 = |A^| V |Ai| and rjj = V Then 2~^/^,^ and 2~^/^r/ are in the unit ball of £2 and we can 
write Vij = ^itijrjj with 

||t|| < e and ||t||reg < 1- 

(Indeed, tij = Xi£,^^{aij)fijr]~^ with lAj^^^^j < 1 and ll-ijrij^l < 1, so that ||t|| < ||a|| and similarly 
Pllrcg < ll^llreg)- Therefore, we have ^ ^xi^)- But now, if we denote 

Qci = Xi G X, J*ei = x* £ X* 

we find 

tr{vJQ) = ^t;ij(x*,Xj) = ^^tijiiixl^rjjXj) 

ij ij 

and hence 

\trivjQ)\ < \\tx\\ (J2 m^n'Y^' (E wmf^' 

< 2\\tx\\ < 2Ax{e). 

Thus, by homogeneity we obtain (j9.ip . □ 
Theorem 9.2. Let X be a Banach space. The following properties are equivalent. 

(i) X is uniformly curved. 

(ii) For some index set L, there are a metric surjection Q: ^ X and an isometric embedding 
J: X ^ ioo{I) such that JQ belongs to the closure ofTH{£i{L),l^{I)) in B{£i{L),£ooiI))- 

(iii) For any 6 > there is a constant C{5) satisfying the following: for any measure spaces (17, //), 

for any maps v. X ^ Looi^fJ-) and v' : Li{fj.') X and for any 5 > there is u in 
T h{Li{^')., Loo(/u)) with "fniu) < C'('5)ll^ll Ib'll and \\u — vv'\\ < || ||u'|| . 
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(iv) For each 5 > 0, there is C{6) satisfying: there are a Hilhert space H and functions ip: X ^ H , 
tp: X* — > H such that for all (^,x) in X* x X we have 

\i{x)-{m,v{x))\<5m\M\ 

Mx)\\<C{5)^'^x\\ 

\m)\\<c{5f'^m\. 

Proof. We first show (i) ^ (ii). Assume (i). Let {Xa) be a directed family of finite dimensional 
subspaces of X with UX^ = X. Let > be chosen so that ^ when a ^ oo in the directed 
family. For each a, we can choose a finite Eo-net {xi)i^i^ in the unit ball of X^. Let / be the 
disjoint union of the sets la and let Q: ^ X be the map defined by Qci = Xj. Clearly Q is 

a metric surjection onto X. 

Enlarging the sets la if necessary we may also find a family {x*)i^j^ in the unit ball of X* such 
that is an SQ-net in the unit ball of X*. 

We then define R: X* again by Ra = x* and let J = R*^: X ^ loo{I)- Note that J 

is an isometry. 

Given any bilinear form on x we will denote by jnif) the jh-^otui of the 

associated linear map from to ioo{I)- Let (p: x£i{I) — > C be the bilinear form associated 

to jg: ^ looil). 

Let Ga = U{I^ \ P < a} so that Ga is an increasing family of finite subsets of / with union /. 
Observe that, if we view ii{Ga) and ioo{Ga) as subspaces of respectively and £oo{I), we have 

QiliGa) C Xa and J{Xa) C (ooiGa). 

Let ipa- hiGa) X £i{Ga) ^ C be the restriction of if. By the preceding observation, the 
associated linear map factors through Xa- Choose e so that 2 Axis) < S. By Lemma l9.lt we have 
a decomposition 

with \\cpl\\ < 5 and 'jni^i) < C where C = 2e-'^Axie). Let ipa- x ^ C be defined 

by il)a{x,y) = ^a{x\Ga^y\Ga)- Clearly ipa admits a similar decomposition ipa = 'P% + V'ai with the 
same bounds. Moreover for any x,y in 

i>a{x,y) ^ix,y). 
Let U be an ultrafilter refining the directed net of the q's and let 

ip^{x,y) = limip^{x,y) 

LA 

(p^{x,y) = \imipl{x,y) 

LA 

Then ip = ip^ + tp^, W^p^W < 6 and ^yui^^) < C, so that (ii) holds. 

This shows (i) ^ (ii). Assume (ii). Clearly, this implies the following assertion. V(5 > 3us € 
rH(^i(/),^oo(/)) such that \\us - JQ\\ < 5. Let G{6) = 'jHius)- Assume first that Li{fj.) = £i(/i) 
and I/oo(/^') = ioo{h), relative to sets h^h- By the lifting (resp. extension) property of 
(resp. iooih)) it is easy to deduce (iii) in that case from the preceding assertion. But now since 
Li-spaces are stable under ultraproducts, one can easily obtain (iii) with the same bound C{5) for 
arbitrary measure spaces. 
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Wc have trivially (iii) =^ (ii). We will now show (ii) =^ (i). Assume (ii). Let us and C{S) be as 
above. Consider T: ^ £^ with ||r||reg < 1 and ||r|| < e. We have 

\\T^JQ\\ < llT^-u^ll + \\T®{JQ-U5)\\ 

< ||r||7^^(u5) + ||r||,eg(5 

< eC{S) + 6 

and hence passing to subspaces and quotients 

\\Tx\\<sC{S) + S. 

Thus we see that 

Ax{6C{6r^) < 25 

which shows that the (nondecreasing) function Ax(£) takes arbitrarily small values, i.e. (i) holds. 
This shows the equivalence of the first three properties. We now turn to the equivalence with (iv). 

Let / = Bx* X Bx and let Jy{^,x) = ^(y) and Q*r]{(_,x) = r]{x) for all {(_,x) in I, y e X, r] e X*. 
Then it is easy to see that (iv) implies (ii). Conversely assume (iii). Let (resp. (O',//')) be 

the unit sphere of X (resp. X*) equipped with the discrete counting measure. Let J: £i{^l) — X 
and Q: X ^ ioo{^') be defined by Jci^ = uj and (5*6^^/ = a;'. Then Q is isometric and J is a metric 
surjection. Assuming (iii), we can write \\QJ — vv'\\ < 5 for some v' : £i(J7) H, v: H ^ £^(Q') 
with \\v'\\ < C(5)V2, ||^;|| < C((5)^/2_ ^i^gn g^^j e n' x n 

and hence if we set ip{uj) = v'{ei^) and 4>{u!') = v*{e^') we obtain the desired functions but restricted 
to the unit spheres. Extending (resp. ■0) by homogeneity to functions on the whole of X (resp. 
X*) yields (iv). 

□ 

10 Extension property of regular operators 

Let (il,/i), {^,fJ-') be measure spaces. Let 1 < p < oo. In this section, we will consider a subspace 
Sp C Lp{ij,) and a quotient Qp = Lp{ii')/Rp where Rp C Lp{ii') is another closed subspace. We 
denote by q: Lp{ij!) Qp the quotient map. We seek to characterize the mappings u: Sp ^ Qp 
that admit a regular "extension" to a mapping u: Lp{^) Lp{^'). We will use the following 
suggestive notation (motivated by ifp-space theory): for any Banach space X we denote by Sp{X) 
the closure in Lp{X) of the (algebraic) tensor product Sp ® X, and similarly for Rp{X). We will 
denote by Qp{X) the quotient space Lp{fi'; X)/Rp{X). Note that we have natural linear inclusions 
(with dense range) Sp ® X C Sp{X) and Qp X C Qp{X). Consider u: Sp ^ Qp and let 
u fS> Ix- Sp f^i X ^ Qp fS> X he the associated linear map. When this map is bounded for the 
induced norms, it uniquely extends to a bounded mapping, denoted by ux '■ Sp{X) Qp{X). In 
that case, we will simply say that ux is bounded. 

Let Tpi C Lpi{ij!) denote the orthogonal of Rp, so that, equivalently Rp = T^. We may view u 
as a bilinear form (p on SpX Tpi . The tensor product of u and the duality map X x X* C defines 
a bilinear form 

^px- {Sp®X)x{Tp,®X*)^C. 
Assume for simplicity that X is finite dimensional (or merely reflexive). In that case 

Qp{X)=Tp,{X*)\ 
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so that ifx extends to a bounded bilinear form on Sp{X) x Tpi[X*) iff ux'- Sp{X) Qp{X) is 
bounded. 

The following extends a result from [6T]. 
Theorem 10.1. Let u: Sp ^ Qp be as above. Fix C > 1. The following are equivalent. 

(i) There is a regular operator u: Lp{^) — > Lp{^') with ||n||rcg < C such that u = qu\Sp- 

(ii) For any Banach space X, ux is bounded and \\ux '■ Sp{X) Qp{X)\\ < C. 

(iii) Same as (ii) for any finite dimensional Banach space. 

Proof, (i) =^ (ii) =^ (iii) are obvious so it suffices to show (iii) ^ (i) . Assume (iii) . Let if. SpX Tpi 
be the bilinear form associated to u. It suffices to show that for any v & Sp® Tpi such that v lies 
in the unit ball of Lp®rLpi (see 11.71 above) we have 

(10.1) \{v,v)\<C. 

Indeed, if this holds, ip will admit a Hahn-Banach extension ^ with ||^||(j;^pg ^ ,)« < C and the 

linear map u associated to will satisfy (i). 

Thus it suffices to show (jlO.ip . Let v ^ Sp ® Tpi be such that IbH^^g ^ ^ < 1. Note that 
V £ E (^1 F where E C Sp, F C Tp/ are finite dimensional subspaces, therefore we may as well 
assume, without loss of generality, that Sp and Tp/ themselves are finite dimensional. 

By (jl.Sp there is a finite dimensional Banach space Y and there are £ Lp{p;Y), r] £ Lp'{^'; Y*) 
with ll^ll < 1, \\7]\\ < 1 such that 

(10.2) v{s,t) = {C{s),7]{t)). 

We claim that we can replace 1" by a finite dimensional space Y, and replace ^, r/ by S,,fj so that ^ 
(resp. 7/) is in the unit ball of Sp{Y) (resp. Tp'{Y*)), but so that we still have 

(10.3) v{s,t) = {i{s),fi{t))- 

Let S C Lp{fi) be any subspace supplementary to Sp (recall that we assume Sp finite dimensional). 
Clearly £ Lp f^Y can be written 

C = 6 + ^2 

with ^1 G Sp0Y and ^2 £ S0Y. But since v{s, t) = {i{s),rj{t)) G Sp®Lpi and {^2{s),rj{t)) G S®Lpi 
we must have 

(10.4) (^2(<,),ry(t))=0. 

Let Z d Y he the closed span in Y of all elements of the form J" x{s)^2{s)dii{s) with x a scalar 
valued function in Lpi. Note that ^2 is valued. By (jl0.4p {z,r](t)) = for any z in Z, so that r] 
defines an element of Lpi{Z^) with \\r]\\ < 1. Let qi: y — > Y/Z be the quotient map. Let ^ = qi{C)- 
Then ^ is in the unit ball of Lp{Y/Z) and (jl0.2p is preserved: if we denote 57 the same as ry but 
viewed as an element of the unit ball of Lpi{Z^), we have 

(10.5) v{s,t) = {i{s),f,{t))- 

The advantage of this is that now ^ G Sp(Y/Z) (because, since ^2 takes its values in Z, ^ = gi(^i)). 
Let Y = Y/Z. The only missing point is that 77 should be also in Tpi(Y*) instead of only in Lpi{Y*). 
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To achieve this we repeat the preceding operations on t): we consider a direct sum decomposition 
Lp' = Tpi ®T and a decomposition 

,) = 771 + r/2 

with rji G Tpi{Y*), rj2 & T Y* . We introduce the subspace W gY* spanned by all integrals of 
the form J y{t)i]2{t)dn'{t) with y e Lp{^'). Let r: Y* ^ Y* /W be the quotient map, and let Y 
be such that Y* /W = iY)* . Then, we set fj = r{fi). Note that fj is in the unit bah of Tp'{Y*). By 
()10.5p . since v ^ Sp Tpi <Z Lp Tpi we must have w) = Q for any u; in W ^ and hence we find 
that i{t) G l^-L = y, so that | can be identified with an element ^ in the unit ball of Sp{Y), and 
we have (|10.3p . This proves the announced claim. From this claim, it is now easy to conclude: we 
have 

and hence if (iii) holds 

Kh^.v)] < \Wy\\\\^\\sp{Y)M\t^,{Y'-) ^ llv'yil = hyll < C. 
This estabhshes (fToT]) . □ 

Consider subspaces F C E C Lp{n) and F' C E' C Lp{fj,'). Let E/F (resp. E'/F') be the 
associated subquotient of Lp[fi) (resp. Lp{fi')). Let Lp{fi) Lp[fi') be an operator such that 
v{E) C -E' and u(-F) C F' . Then v defines an operator u: E/F E'/F' with ||u|| < ||w||. We 
call u the "compression" of v and say that f is a "dilation" of u. Given a Banach space X, we can 
equip [E/F)(^X with the norm of the space E{X)/F{X), we denote by {E/F)[X] the completion 
of {E/F) ® X for this norm; and similarly for E' /F' . Consider an operator u: E/F E'/F'. 
Assume that n : (E/F) ^X ^ {E'/F') ® X is bounded for the norms of E{X)/F{X) and 
E'{X)/F'{X). In that case, we denote by ux ■ {E/F)[X] {E'/F')[X] the resulting operator and 
we simply say that ux is bounded. 

Corollary 10.2. Let F C E C Lp{fi) and F' C E' C Lp{fi') be as above. Let C >1. The following 
properties of a linear map u: E/F E'/F' as equivalent: 

(i) There is a regular operator u: Lp{fi) Lp{^') dilating u (in particular such that u{E) C E' 
and u{F) C F' ) with ||n||reg < C. 

(ii) For any Banach space X, \\ux\\ < C. 

(iii) For any finite dimensional Banach space X, \\ux\\ < C. 

Proof. Let E ^ E/F, q' : E' ^ E'/F' and Q' : Lp{ij,') Lp{fi')/F' be the quotient maps. Let 
j : E'/F' Lp{^')/F' be the canonical inclusion. Assume (iii). Then, for any finite dimensional 
X, \\{juq)x'- E{X) {Lp/ F')\X]\\ < C, and hence by the theorem, uq admits an "extension" 
w: Lp ^ Lp/ with ||w||reg < C such that Q'w^^ = juq. Note that Q'w{F) = and hence 
w{F) C F'. In addition, Q'w{E) = ju{E/F) implies w{E) + F' = Q'-^{u{E/F)) C E' , and hence 
(since F' C E') w{E) C E' . It follows easily that w dilates u. This shows that (iii) implies (i). The 
rest is obvious. □ 

Remark 10.3. Assume p = 2. Consider a subspace G C L2(/^)- Note that there are a priori many 
inequivalent ways by which we can "realize" G isometrically as a subquotient of L2{p): whenever 
we have F C E C L2{p) with G = E Q F then we may identify G with E/F and study the "regular 
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operators u: E/F Y where Y = E' /F', i.e. the operators u such that ux is bounded for all X. 
It is natural to set 

ll^^llreg = sup{||ux|| I dim(X) < oo}, 

and then the preceding statement says that ||ii||reg = inf HuHrog where the infimum runs over all 
dilations u: -Z>2(/^) ^2(1^') of u. But we should emphasize that all this depends a priori strongly 
on the choice of the realization of G as -E -F ! Thus it is natural to ask what are the linear maps 
u: G ^ G' (here G' is another subspace of L2) for which there is a choice of E, F and E' , F' with 
G = E Q F and G' = E' Q F' that turns u into a regular operator. The answer is simple: these are 
the maps that are regular viewed as maps from the subspace G to the quotient L2/G'^ . Indeed, it 
is easy to see that these are the extremal choices. 

Remark 10.4. Let ;S be a class of Banach spaces stable by ^p-direct sum. For any u '. Sp — > Qp ^is 
in Theorem 110.11 we set 

||n||g = sup{||njs:|| | X G B}. 

Let SQ{B) denote the class of all subquotients of spaces in B. The proof of Theorem 110.11 shows 
that the following are equivalent: 

(i) u admits an extension u with ||n||B < G, 

(ii) sup{||7xx|| I X G SQ{B)} < G, 

(iii) sup{||^/x|| I X G SQ{B), dim{X) < 00} < C. 

A similar generalization holds in the situation of Corollary 110.21 

11 Generalizations 

In this section, we wish to give a very general statement describing in particular the interpolation 
space {B{ip^), B{ip_^))g for < ^ < 1, 1 < po,pi < 00. In order to formulate our result in full 
generality, we will need to introduce more specific notation. For simplicity, we first restrict to the 
finite dimensional case, so we fix an integer n > 1. 

The set of all n-dimensional Banach spaces Bn is equipped with the Banach-Mazur distance 
5{E, F) = logd{E, F) where d is defined by 

V-E,F G Bn d{E,F) = inf{||n|| Hn"^ ||} 

where the infimum runs over all isomorphisms u: E ^ F. By convention, we identify two elements 
E and F of Bn if E, F are isometric. Then {Bn, 6) is a compact metric space. 

For any z in dD, we give ourselves p{z) in [1, 00] and a subset B{z) C Bn- We will assume that 
z 1-^ p{z) is measurable and also that z 1-^ B{z) is measurable in a suitable sense, explained below. 

Let {Ym I m > 1} be a dense sequence in the compact metric space Bn- Given Y in Bn and a 
class B C Bn, let us denote 

d(Y,B) = inf {d(Y,X) \ X e B}- 

We will assume that 

z^B{z) 

is measurable in the following sense: for any Y in Bn, the function z d{Y,B{z)) is (Borel) 
measurable on dD. It is easy to check that for any (non-void) B C Bn and any map u: E ^ F 
between n-dimensional Banach spaces we have 

7b(u) = M j{Ym}iu)diYm,B)- 
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This shows that for any such u, the function z 7i3{z)iu) is measurable on dD. 

This, together with l4.lT| shows that {rg(2)(-E, -F) | z S dD} forms a compatible family if E,F 
are finite dimensional. 

Let us say that B C Bn is an SQ{p)-class if B contains all the n-dimensional spaces that are 
subquotients of ultraproducts of spaces of the form ip{{Xi \ i £ I}) with Xi £ B for all i m I, I 
being an arbitrary finite set. We assume, of course, that any space isometrically isomorphic to one 
in B is in B as well. Moreover, we assume that B is non-void, which boils down to assuming that 
C belongs to B. 

We assume that B{z) is an SQ{p{z))-class for all z in dD. 

For any ^ in we can then define B{£,) as the class formed of all X in i?„ that can be written 
as X = X{S^) for some compatible family {X{z) \ z £ dD} such that X{z) £ B{z) for almost all z 
in dD. 

We denote by p(^) the number defined by 

^ dfi^z) 



P{0 J P{z) 
dD 

where //^ is given by ()5.4p . Recall that, if ^ = 0, /^'^ is just normalized Lebesgue measure on dD. 
By conformal equivalence, we may always restrict ourselves, if we wish, to the case ^ = 0. 
Let {X{z) I z £ dD} be a compatible family of n-dimensional Banach spaces and let 

(11.1) L(z)=^^(,)(X(z)) 

for all z £ dD. Then let L{i) and X(^) be the interpolated families defined iov ^£ D. Bv [Til [31] . 
we have isometrically 

(11-2) L(e) = £^(^)(x(e)) veei?. 

In particular, when X{z) = C for all z, if we set l{z) = ^^(x), then we find 

(11.3) ^iO=^m 

Given 1 < p < co and an S'Q(p)-class B C Bn, we denote by P{p,B) the space B{£p) equipped 
with the norm 

VT £ B(e;) \\Ty^p.s) = sup nr^: £;{x) ^ i;(x)\\. 



Note that 



\T\\p(p,B)=^M\\TYj\/d{Ym,B)}. 



This shows that z i— > is measurable on dD and hence (since ||T|| < ||Tx|| < ||T||i.eg) 

for all T: i"^ i^) that {Pip(z),B{z)) \ z £ dD} is a compatible family. 
We can now state our main result. 

Theorem 11.1. With the preceding notation, we set 
yz£dD I3{z) = P{p{z),B{z)). 

Then, for all in D we have an isometric identity 



44 



Remark. The easier "half of this statement is the following claim: for all n x n-matrices T 

\\T\\i3{p(o,B{0) ^ W^Wm- 

This follows essentially by the interpolation property. Indeed, assume ||T||^(g) < 1, so that we can 
write T = T(^) for some analytic function T(.) in the unit ball of the space relative to the family 
{[3{p{z), B{z)) I z £ dD}. Then (at least on a full measure subset of dD) we have ||T(z): L{z) 
-^(-2)11 < 1 where X{z) S B{z) is essentially arbitrary and L{z) is as in (jll.ip (note that for simplicity 
we write here T(z) instead of T{z)x(z))- By interpolation this implies ||T'(^): L{(,) L{(,)\\ < 1, 
and hence, using (fTr2D . since T = r(^), we find ||T: ^^(^)(X(0) ^ ^p(^^){X{0)\\ < 1, and since the 
compatible family X{z) is arbitrary, we conclude that HrH^j-pj-^-) g^^-j) < 1, which proves the claim. 

We denote by SQLp the class of all subquotients of an (abstract) Lp-space. Then SQLp n 
Bn is obviously an SQ {p)-class (actually the smallest possible one), formed of all n-dimensional 
subquotients of Lp. Note that for either p = 1 01 p = 00, Bn is entirely included in SQLp. 

Corollary 11.2. Let 1 < po,Pi < 00 and < ^ < 1. Let p be defined by p~^ = (1 — 0)pq^ + 9pi^ . 
Then, the space {B(ip^), B{ipJ)g coincides with the space B(£p) equipped with the norm 

yreBii;) IITII =sup||Tx|| 

where the supremum runs over all X that can be written as X = X(0) for some compatible family 
of n-dimensional spaces {X(z) \ z £ dD} such that m{{z £ dD \ X(z) € SQLpf^}) = 1 — 6 and 
m{{z G dD I X{z) £ SQLp^}) = 9. Let Q.[n) denote the class of all such spaces X. Then, 
the space (-B(^p„), B{lp^)Y can be identified with the subspace of B{ip) formed of all T such that 
supdlTxIl I X G Q{n),n > 1} < 00, equipped with the norm 

T ^ sup{||rx|| I X E n{n),n> 1}, 

provided we make the convention that if either po = 00 or pi = 00, then B{ip^^) or B{ip-^) should be 
replaced by B{co,£oo)- 

Corollary 11.3. Let 1 < p < co and < 9 < 1. The unit ball of the space {Br{£p), B{£p))0 
consists of all operators T: ip^i^ such that \\Tx ■ ip{X) £p{X)\\ < 1 for all Banach spaces X 
which can be written as X = X{0) where {X(z) \ z € dD} is a compatible family of n-dimensional 
Banach spaces such that X{z) is a subquotient of Lp for all z in a subarc of dD of measure > 9. 
Let SQp{9,n) denote the class formed of all such spaces. 

Let (r2,/x), {Q' , jj.') be measure spaces. Then the unit ball of {Br{Lp{fi), Lp{fi')), B{Lp{^), Lp{fi'))y 
consists of those T in B(Lp{p,), Lp(^')) such that 

sup{||rx|| I n > 1,X G SQp{9,n)} < 1. 

Proof Recall = {e^'^** | < t < 6*}. We apply Theorem 10.1 with p{z) = p and B{z) = Bn 
for z in Jg and B{z) equal to Bn H SQLp for all z in dD\j0. The second assertion is left to the 
reader. □ 

Corollary 11.4. Fix < 9 < 1. Consider a measurable partition dD = Jq U Jq U Ji with 

|J^| = (l-0)/2, IJ^'I = (l-e)/2, \Ji\ = 9. 

We set 

'B{i^) ifz£j'^ 



B{z) 



[B{e^) ifzeJi. 
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We have then isometrically 

B{Q)^{BM),B{q))e. 

Proof. Observe that, in this setting, if B{z) consists of all n-dimensional Banach (resp. Hilbert) 
spaces for all z in Jg U Jq (resp. z in Ji), and if p{z) = 1 on Jq, p{z) = oo on Jg and p[z) = 2 on 
Ji, then in the preceding Theorem we have f5{z) = B{i^^^-^). Therefore, since ^(0) is the class of 
all n-dimensional ^-Hilbertian spaces we have 

VT e B{q) ||r||^(0) = sup \\Tx\\B(qix)) 

where the sup runs over all n-dimensional 0-Hilbertian spaces. Thus we obtain the same as (j6.5p . □ 



The proof of Theorem 111.11 is similar to that of the above Theorem 16. 4i We will merely describe 
the main ingredients. 

Lemma 11.5. Given n-dimensional Banach spaces E,F, let j{z) = Tq^2-^{E, F). Then for all 
v: E ^ F we have 

V^e^ Mvr,^,)(E,F)<\\v\\^{0- 

Proof. Assume |b||7(5) < 1- By definition of 7(^) (see [15]) there is a bounded analytic function 
z v{z) on D such that v{^) = v and ess sup7g(^)(?;(z)) < 1. Then we can write (by measurable 

z€dD 

selection, see II. 9p v{z) = vi{z)v2{z) with E ^^^^\ x{z) and X{z) '"^^^\ f such that ||fi(z)|| < 1, 
\\v2{z)\\ < 1 and X{z) G B{z) a.e. 

We now define a compatible family {Y{z) \ z G dD} by setting Y{z) = E equipped with the 
norm: 

yee E \\e\\Y{z) = \\v2{z)e\\x(z) < l|e||. 

We have then 

(11.4) ||t;(z)e||F = \\vi{z)v2{z)e\\ < ||e||Y(^). 

By density, we may assume v invertible, so that t'(^) is invertible and hence v{z) is invertible a.e. 
on dD. Moreover, since z i— > det{v{z)) is bounded and analytic on D and 7^ at ^, the function 
z ^ log I det(i'(z))| is in Li{dD). This implies that z log ||^;(z)~"'^ || is in Li{dD). We have 

fei(2;)||e|| < ||e||y(^) 

with ki{z) = 11^(2;)^"'^ 11^^. By the preceding observation, ki is in Li{dD), and thus {Y{z) \ z G dD} 
is a compatible family. To conclude, applying the basic interpolation property to ()11.4p we find 

yeeEy^eD ll'^'(Oe||F < ||e||y(^) 

and also 

||e||y(^) < ||e||. 

Since Y{z) and X{z) are isometric for all z in dD, Y{S^) is in ^(^) and hence we conclude 

7b(5)(^) = iBioi^iO) < 1- 
By homogeneity (and by the density of invertibles) this completes the proof. □ 
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Given a class B C Bn, we denote by Tq{£i,£'^) the space B{Pl,P^) equipped with the norm: 
Vu: 7B(n) =mf{||ni||||u2||}, 

where the infimum runs over all factorizations of u of the form X — for some X in i3. 

We denote by rg(^J^,£") the dual space, i.e. the space B{£^,£'^) equipped with the dual norm 7^. 
Moreover, 7^ can be described as follows. Assume that B C Bn is an 5'<5(p)-class. A linear map 
v: — > ^" satisfies 'y^{v) < 1 iff there are X, fi in the unit ball of respectively £p, and £p and a 
linear map a: £p ^ £p such that ||a||/3(p,e) < 1 and Vij = Xiaij^j for all i, j = 1, . . . ,n. 
Let us set 

yzedD r(z)=re(,)(^^C) and r(z) = r*(,)(c,^?). 

Then, for all ^ in D, the space r(^) coincides isometrically with Tq(^^-^{£'1,£^). By duality, r*(^) 
coincides with T*q^^^{£'^,£^). Similarly, a linear map w: £ p ^ ip is in the unit ball of (3{p,B)* iff 
it admits a factorization Wij = Xibijfij for some A, fi in the unit ball respectively of £p and £p, and 
some b in the unit ball of Tjs{£i,£^). 

Sketch of Proof of Theorem \ 11. 11 By the remark after Theorem 111. H it remains only to show that 
IIT'II^(^) < ||r||^(-p(^)^g(^)) . Assume llrH^^pj-^-i^gi-^)) < 1. Consider w in the open unit ball of /3(0*. It 
suffices to show that \{w,T)\ < 1. By what precedes, we can write Wij = XibijUj with A,/i in the 
unit ball respectively of £p^^^ and £p(^^y and some b in the unit ball of Tq(^^^{£'^,£^). Then using 
(jll.Sp both for p(^) and its conjugate we can conclude by essentially the same reasoning as 

above for Theorem 16.41 □ 

Note that if ;S = B^ then for any a: £p ^ £p with associated matrix (oij ) we have 

ll«ll/3(p,B) = IkllB^(f^) = 

Thus, Theorem 111.11 generalizes on one hand the main result of [61j (which corresponds to 
the case po = l,pi = 00 and B{z) = Bn for all z), and on the other hand Theorem 16.41 (which 
corresponds to the case po = pi = 2 with B{z) = Bn on a set of measure 1 — 6 and B{z) = {£2} on 
the complement). 

Theorem 111.11 can also be interpreted as the commutation of complex interpolation with the 
duality described at the beginning of ^ Given a class of n-dimensional Banach spaces B, the polar 
of B is the unit ball of a Banach space of operators on £p. Let us denote the latter Banach space 
by B'. Then, taking say p(z) constantly equal to p, consider a measurable family of S'(5(p)-classes 
of n-dimensional Banach spaces {B{z) \ z € dD}, and for any ^ S let B{^) be as above. The 
preceding result then states that for all ^ in D 

B{0' = B'{0 

where the right hand side means the result of complex interpolation applied to the family {B' (z) \ 
z G dD}. 

12 Operator space case 

This section is deliberately modeled on section [6l the statement numbered as [I2jn in this section 
corresponds to the one numbered as [6ln in section [6l 
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In this section, we turn to operator spaces, i.e. closed subspaces X C B{H) {H Hilbert) equipped 
with an "operator space structure," i.e. the sequence of normed spaces (M„(X), || ||m„(j>("))) where 
II ■ IIm„(x) is simply the norm induced by Mn{B{H)). We refer to [HIES] for general background on 
operator spaces, completely bounded (in short c.b.) maps, to [M] for notions on non-commutative 
vector-valued Lp-spaces used below, and to [62] for the non-commutative version of "regular oper- 
ators" on the Hilbert-Schmidt class «S'2 or on more general non-commutative Lp. We first give a 
presentation parallel to ^ 

Let Sp denote the Schatten p-class (1 < p < oo). A mapping T: Sp ^ Sp is completely regular 
(|62j) ifi' it is a linear combination of bounded completely positive (c.p. in short) Uj, (j = 1, . . . ,4) 
so that u = ui — U2 + i{u^ — U4). It is known (see [62]) that u is completely regular iff' the map 
ux = u Idx is bounded on S'p[X] for any operator space X. Equivalently, this holds iff the 
sequence of maps um„- Sp[Mn] Sp[Mn] is uniformly bounded. We define the corresponding 
norm by: 

Ikllreg = sup ||MAf„ : 5'p[M„] Sp[Mn]\\, 
n>l 

and we denote by Br{Sp) the space of such maps. In analogy with the inclusion i?r(^2) C -6(^2) we 
have a norm one inclusion Br{Sp) C CB(Sp). Therefore, again we may consider the interpolation 
space {Br{Sp),CB{Sp)y . For simplicity, we concentrate first on the case p = 2. Unless we specify 
otherwise, 5*2 or any non-commutative -L2-space is assumed equipped with its OH-operator space 
structure in the sense of [(MJ 

Consider a compatible family of A^-dimensional Banach spaces {X{z) \ z £ dD} as before. 
Assume that each X{z) is equipped with an operator space structure, such that, for each n > 1, 
the family {Mn{X{z)) \ z G dD} is compatible. Then we say that {^(z)} is a compatible family 
of operator spaces. 

Let us set M„(X)(z) = Mn{X{z)). We equip X{0) (resp. X{(,) for (, £ D) with an operator 
space structure by setting 

(12.1) M„(X(0)) =M„(X)(0) 

(resp. M„(X(^)) = M„(X)(^)). That this is indeed an operator space structure follows from Ruan's 
fundamental theorem (see [181 P- 33] [66l p. 35]). See [661 El] for complex interpolation of operator 
spaces. 

Now assume that X(z) is completely isometric to OHn for all z in a set of measure > 9. Then 
any operator space that is completely isometric to X{0) will be called 0-0-Euclidean (arcwise if 
the set can be an arc), and any ultraproduct of (resp. arcwise) 0-0-Euclidean spaces will be called 
(resp. arcwise) 0-0-Hilbertian. 

We should recall that, by the duality of operator spaces for any operator space E, we have 

(12.2) CB{S'^,E) = MniE) 
and 

(12.3) CB{E, Mn) = Mn{E*) 

completely isometrically. Given two operator spaces E,F^ we will denote by Toh{E,F) the space 
of all linear maps u: E ^ F wich factor through an operator Hilbert space H equipped with the 
o.s. structure of OH in the sense of [M] or [66]. We equip this space with the (Banach space) norm 

1oh{u) = inf{||ni||cfe||M2||c6} 
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where the infimum runs over all factorizations U2- E ^ H, ui: H ^ F with u = uiU2- More 
generally, given an operator space X let us denote 

7x(ti) = inf{||tii||cfe||ti2||cfe} 

where the infimum runs over all possible factorizations of u of the form u = uiU2 with c.b. maps 
U2- E ^ X and ui : X ^ F. li there is no such factorization, we set ^x{u) = oo. 

Similarly, we will denote by TooniE, F) the space of maps that factor through a 0-0-Hilbertian 
space X and we again equip it with the norm J0oh{u) = ^^^{"fxiu)}, with the inf over all 9-0- 
Hilbertian spaces X. 

Lemma. Assume E = Sf and F = Mn, if u: E F factors through an ultraproduct X = HXi/U 
of operator spaces, then 

(12.4) ixiu) = lim7x,(n). 

Proof. Indeed, by definition of ultraproducts for operator spaces Mn{X) = IiMn{Xi) /U and hence 
by (jl2.2p and (jl2.3p we have an isometric identity 

(12.5) IiCB{Sl, Xi)/U = CBiS"^, X) 
and an isometric embedding 

(12.6) UCB{Xi, Mn)/U C CB{X, M„). 

If dim(Xj) = d < oo for all i, then dim(X) = d and (jl2.6p becomes an equality because both sides 
have the same dimension. Now assume u = uiU2 with c.b. maps U2: Sf ^ X and n2 : X ^ Mn. 
By ()12.5p we have maps U2{i)- X-i corresponding to U2 with lim ||n2(«)||cfe = ||^i2||cfe- Let 

Yi (Z Xi he the range of U2{i) and let Y = HYi/lA. Clearly Y d X and dimY < n. Consider the 
restriction vi = Ui\y'- ^ ~^ ^n- We have ||wi||cfe = ||'Ui|y||cfe < ll'^illcfe and by the remark following 
(|12.6p there are maps vi{i): Yi — > M„ corresponding to vi such that lim ||ui(i)||cfc = ||ui||cfe- Let 

ui{i): Xi Mn be an extension of vi{i) with ||ui(i)||cb = ||'yi(^)||c6- Let Ui = ui{i)u2{i). Clearly, 
we have Ui — u ^ and limjXiiui) ^ ixiu). By an elementary perturbation argument (see \66\ 

p. 69]), since ||^'.j(x) — u{x)\\ for all x, there is an isomorphism Wi : Ui{Si) — > u{Si) such that 

lim llwjilcb = lim llw"^ ILfe = 1 and u = WiUi. 

Let Wi : Mn Mn be an extension of Wi with ||wj||cf) = ||^Wj||cb so that u = WiUi. Thus we obtain 

l™7x,(^i) < ^^'ai\\wi\\cb7x,{ui) < lx{u). 

LA LA 

The converse inequality being trivial, this completes the proof of (jl2.4p . □ 

Lemma 12.1. Fix n>l and Q < 6 < 1. Let E,F be n- dimensional operator spaces. Consider a 
linear map u: E ^ F in the unit ball of {C B{E , F) .,T oh[E , F))q . Then 

leoniu) < 1. 

More precisely, ifu is a linear isomorphism, then u admits a factorization u = U1U2 with \\u2 '■ E 
X\\cb < 1 and \\ui: X F\\cb < 1 where X = X{0) and X = Y{0) where {X{z)} an {Y{z)} are 
compatible families of operator spaces such that Y{z) = X(z) ~ OHn Vz G Je and 

X{z)^F, Y{z)^E 'iz^Je. 
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Proof. The argument for Lemma |6 . 1 1 extends without difficulty. We leave the details to the reader. 

□ 

Theorem 12.2. Fix n > 1 and < 9 < 1. We have an isometric identity 

{CB{S'^,Mn),roH{S'^,Mn))e = TeoH{S'^,Mn). 

Proof. Consider u: Si ^ Mn with ^eoH{u) < 1. By (jl2.4p we may assume that u = uiU2 with 
U2 : X ^ Mn, Mi: S^^X satisfying ||ui||cfe||M2||c6 < 1 with X a (finite dimensional) 0-0- 
Euclidean space. Assume X = X(0) with X{z) as in the definition of 0-0-Euclidean. Let us define 
C5(Sf,X)(z) and CB{X,Mn){z) by setting 

CB{Sl,X){z) = CB{Sl,X{z)) and CB{X,Mn){z) = CB{X{z),Mn). 

Using p2.2p . p2.3p . and (jl2.ip we obtain isometric identities 

CB{S1,X) = CB{S'^,X){Q) 
CB{X,Mn) = CB{X,Mn)iO) 

from which it is easy to derive bounded analytic functions z — > ui{z): X{z) M„ and z — > 
U2{z) : Si X{z) on S such that u = ui{0)u2{0) with 

ess sup ||-Ui(z)||c6||'U2(2;)||c6 < 1- 
z£dD 

ByEH this clearly implies by (fl^ and (fT23]) . that the norm of u in (CS(S'7, M„), To// (S"" , M„))e 
is < 1. Since the converse direction is a particular case of Lemma ll2.H the proof is complete. □ 

As before, if we are given a norm 7 on B(E, F) (with E, F finite dimensional) we define 7*(u) 
for any v: F ^ E hy setting 

7*(t>) = sup{ I tr(tit') I \ u: E ^ F, 7(n) < 1}. 

We denote by Nq{v) the operator space version of the nuclear norm of v. 
We first need to extend Proposition 11.21 to the operator space setting. 

Proposition. Consider v. Mn^Sf. 

(i) jQff{v) < 1 iff there are Ai, A2, /Ui, /X2 in the unit ball of S2 and a: S2 ^ S2 in the unit ball 
of CB{S2) (which, as a Banach space, coincides with B{S2)) such that 

Vx G Mn v{x) = /iia(AixA2)/^2- 



(ii) Nq{v) < 1 iff there are Ai, A2, /Ui, //2 in the unit ball of S'^ and a: S2 
of Br{S2) such that 



S2 in the unit ball 



Vx G Mn 



v{x) = /iia(AixA2)//2 



Proof (i) This follows from [Ml Th 6.1] and [Ml Th 6.8]. 
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(ii) By [62, Cor. 3.3] we have an isometric identity 

{CB{Mn, M„), CBiS^, 5^) 1 = BriSl S^). 

Now consider v such that Nq{v) < 1. Then there are a, b in the open unit ball of S2 such that 
v{x) = v{axb) for some v: 5f 1-^ S"" with ll^llcfe < 1 (see e.g. [63| Th. 5.9 and Rem 5.10]). We 
may as well assume, by perturbation, that a,b are invertible and positive. Since No{v*) = Nq(v), 
applying the same argument to v* : Mn and taking adjoints again, we obtain c, d invertible 

and positive in the unit ball of S2 such that 

v{x) = cv{x)d 

for some v: M„ with \\v\\cb ^ 1- Let A{x) = axb, B{x) = cxd. Then, B^^v = v and 

V = vA~^ and hence 

\\B-^v: Mn^Mn\\cb<l and \\vA'^ : S"^ ^ S^\\cb < 1- 

Consider then, again on the strip S, the analytic function /: S ^ B{Mn, Mn) defined by f{z) = 
B^^^vA^^. Since for any real t, i?** and A'* are isometric both on M„ and S"", we have 

\\f{z): M„^M„||cf,<l for any z in Oq 

and \\f{z) : SfW^h < 1 for any z in ^i. This implies ||/(l/2) : SJ^ 5^||reg < 1. Thus if we 

set a = /(1/2), we obtain 

V = B'^/^a{A^/^x) = /iia(AixA2)/U2 

where //i = c^/^, /U2 = d^^'^, Ai = a^/^, A2 = b^^"^. Conversely assume v{x) = /iia(AixA2)/^2 with 
A1A2, ^i,/U2 as in (ii) and ||a||reg < 1- The mapping x — > A1XA2 from M„ to S2 corresponds to a 
tensor T in the unit ball of ^2 [M*] (see e.g. [Ml Th. 1.5]); the mapping x a{XixX2) corresponds 
to (a id){T) and hence is also in the unit ball of S^[M*] (this follows from ^ (2.1) and (2.2)] 
which can be checked easily using [64^ Lemma 5.4]), therefore the mapping x — > /iia(AixA2)/U2 is 
also in the latter ball (cf. e.g. [641 Th. 1.5]). So we conclude that the tensor associated to v is in 
the unit ball of ^^[Af*] = 5^^?] = 5? ®^ = No{Mn, 5J*). 

□ 

Proposition 12.3. Fix n > 1 and < 6 < 1. Consider v. Mn —>■ Sf . Then v belongs to 
the unit ball of {No{Mn, Si),TQjj{Mn, Si))g iff there are Ai, Ai, /ii, /X2 in the unit ball of S2 and 
a: ^ in the unit ball of {Br{S^),CB{S^))0 such that 

Vx G Mn v{x) = /Uia(AixA2)/i2- 

Proof. The proof of Proposition 16. 31 can be easily generalized to the operator space case. We merely 
give a hint and let the reader check the details. Given v in the open unit ball of (A''o(M„, 5]^), 
V*Q^{Mri, ))6i, by the preceding Proposition and a measurable selection (see ll.9p . we can find an 
analytic function z v{z) such that v{6) = v that is bounded on S together with measurable 
functions on dS z Aj(z), z — > iJ,j{z) {j = 1,2) with values in the unit ball of and z — > a{z) 
such that a^Q. takes its values in the unit ball of Br{S2) for j = and in that of B{S2) for j = 1, 
such that if we define A{z)[x) = fii{z)x^2{z) and B{z)x = Ai(2;)xA2(-z), we have for all 2: in 9 

(12.7) v{z) = B{z)a{z)A{z). 
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Choosing e > sufficiently small and replacing Xj and fij {j = 1,2) respectively by el + |Aj| and 
el + we may assume that Xj > el and fij > el. By the matricial Szego theorem, there are 
bounded M„-valued analytic functions Fi, F2, Gi, G2 such that \Fj\ = Xj and \Gj\ = fij on dS. We 
now replace Xj^fij by Fj,Gj and make the corresponding change of a so that (jl2.7p holds. Then 
since z B(z)^^ and z 1— > A{z)~^ are analytic, the analyticity of z ^ v(z) guarantees that of 
z I— > a{z). It follows that ||a(^)||(_Br(Sj),-B(5j))(, ^ 1- Since v = v{9), and since Fj{6), Gj{9) are (by 
the maximum principle) in the unit ball of S^, we conclude that v = v{9) = B{9)a{9)A{9) can be 
factorized as stated in Proposition 16.31 This proves the "only if part." The 'if part" can also be 
checked by a (simpler) adaptation of the corresponding part of the proof of Proposition 16.31 □ 

We can now state the analogue of Theorem 16.41 (recall that CB{S2) = B{S2) isometrically) . 

Theorem 12.4. Let 07i{9,n) be the set of n- dimensional arcwise 9-0-Hilbertian operator spaces. 
Let0<9 <1. Consider CB{9,n) = {Br{S^), B{S^))g. Then, for any T: 5J ^ we have 

(12.8) l|^l|cS(6»,n) = sup = sup \\Tx\\cB(Sll[X])- 

X€On{e,n) XeOH{e,n) 

Moreover, the supremum is unchanged if we restrict it to those X = X{0) with X{z) — S'2 Vz G Jq 
and X{z) ~ M„ \/z ^ Jg, where ~ means here completely isometric. 

Proof. The proof of Theorem 16.41 can be adapted to the operator space framework in the style of 
the preceding proof. This yields the first equality in ()12.8p . But on one hand, if X is OH of any 
dimension, the cb-norm of Tx is equal to its norm on 5*2 [^] (cf. [63]), and on the other hand, if 
X is any operator space, the cb-norm of Tx on 5*2 [^] is < ||r||5^(5n) (cf. [ST, (2.1)]), therefore by 
interpolation, if X is 0-0-Hilbertian, we have 

\\Tx\\cB{Sli[X]) < \\T\\cB{e,n)- 

This yields the other equality in (112.81) . We leave the remaining details to the reader. □ 

Proposition. In the situation of the preceding theorem, assume that T is a Schur multiplier, i.e. 
T = M^, as in Corollary \8.^ above. Then (jl2.8p and (|8.4p are equal. 

Proof. Clearly, there is a simultaneously contractive projection on ^(S'g) and on Br{S2) onto the 
subspace formed of all the Schur multipliers. Obviously, on one hand ||M<n||B(5"-) = ll'^ILnZ, and on 
the other hand we claim that 

\\^v\\Br(S^) = WV'WMln]- 

From the latter claim, the result becomes clear by general interpolation arguments, so it remains 
only to check this claim. We will actually show that, for any 1 < p < 00, we have 

\\MABr(s^) = IIv'IIa^m- 

To verify this, recall from |621 Cor. 3.3], that, if p^^ = 9, 

{CB{S^),GB{S?))g = BAS;). 

But here again the Schur multipliers are simultaneously contractively complemented for the pair 
{GB{S2o),GB{Sf)), therefore the Schur multipliers in Br{Sp) can be identified isometrically with 
the space (lo; where Yq (resp. Yi) denotes the subspace of GB{S^) (resp. GB{Si)) formed by 
the Schur multipliers, equipped with the induced norm. The proof is then concluded by observing 
that for all (p we have 

ll^i/^lllo = W^vWcBiS^) = WV'WMln] and ||M(^||yj = \\MAcB{S^) = W^Min]- 

□ 
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The next three statements are parallel to those of Section [6] and the proofs there are easy to 
adapt. 

Remark 12.5. Consider (p in i?(S'2 ). We have 

\\v\\cB{e,n)* = inf{||Ai||5j||A2||sj ||m||sj||^2||5J ||'y||{C'B{Si",M„),roH(S'^,M„))J 

where the infimum runs over all factorizations of f of the form ip{x) = jjLiv{\ix\2)^2^ Vx G S"!^- 

Let r), (TW, r') be a pair of semifinite hyperfinite von Neumann algebras equipped with 
semifinite, normal faithful traces. For any operator space E, the operator space Lp[T] E] was defined 
in |64t Chapter 3], and the regular operators from -^2(1") to L2{t') were introduced in [BS]. We 
denote by Br{L2{T), L2{t')) the normed space of regular maps T: L2{t) L2{t') (this is denoted 
by Br{L2{T),L2{T')) in [62]). We have then 

Corollary 12.6. Let Br = Br{L2{T), L2{t')) and B = B{L2{t),L2{t')). Then the space {Br^Bf 
consists of those T in B such that Tx is hounded for any 6-0-Hilbertian operator space X. Moreover, 

\\T\\(Br,B)o = sup llTxIl = sup \\Tx\\cb = sup llTxIl 

n,X<^OH{e,n) 

where the last two sup run over all arcwise 9-0-Hilbertian operator spaces X . 

Let X be an operator space. For any e > 0, we denote by A^(e) the smallest number 6 such 
that for any n and any T: ^ 5*2 with ||T||i.eg < 1 and ||T|| < e we have ||Tx|| < S. 

Corollary 12.7. Assume that an operator space X satisfies Aj^(e) G 0(e") for some a > 0. Then 
for any < 6 < a, X is completely isomorphic to a subquotient of a 6-0-Hilbertian space. 

Theorem 12.8. Let C > 1 be a constant. The following properties of an operator space X are 
equivalent: 

(i) There is an operator space Y that is a quotient of a subspace of an arcwise 6-0-Hilbertian 
space and a complete isomorphism w: X such that \\w\\cb\\w~^\\cb < C. 

(ii) ll^xll < C for any n and any T such that \\T\\(^Br(S-^),B(S-^))e < 1- 
Remark. Let u: Z ^ Y he a linear map between operator spaces. Then 

jeoHiu) = supsup{||r®n: S^[Z] ^ S^[Y]\\} 

n 

where the second sup runs over all T: 5*2 —> 5*2 such that sup{||Tx|| | X 0-0-Hilbertian} < 1. 
This is easy to check by a simple adaptation of [29] . 

The c5-distance dcb{E,F) between two operator spaces is defined by: 

dcb{E,F) = inf{||M||c6||u~^||c6} 

where the infimum runs over all complete isomorphisms u: E ^ F. li there exists no such u, we 
set dcb{E, F) = 00. 

Remark. An operator space may be Hilbertian as a Banach space while being 0-0-Hilbertian for no 
< ^ < 1. The simplest examples are the spaces R = span[ein] C B{i2) and C = span[e„i] C -6(^2)- 
The fact that they are not ^-0-Hilbertian follows from the observation any n-dimensional 6-0- 
Euclidean space E^ must satisfy 

(12.9) d,b{En,OHn)<iV^f 
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while it is known that 

(12.10) d^b{Rn. OHn) = dcbiCn, OHn) = 

We refer the reader [USl p. 219] for p2.1U|) . and finally to [Ml Th. 6.9] and a simple interpolation 
argument for (|12.9p 

Remark. There is no significant difficulty to extend the results of ^lOl to the operator space setting 
but we choose to skip the details. 

13 Generalizations (Operator space case) 

In this section, we briefly describe the extension of the results in ^lll to the operator space case. The 
extension of statement [TTJn will be numbered [THln. All the background for this extension can be 
found in [(34, chapter 7] to which we refer the reader. The main difference from the Banach space 
case is the lack of local reflexity of (general) operator spaces: in the Banach case, any operator 
u: E ^ F such that 'jsQLpiu) < 1 can be factorized with constant < 1 through a subspace 
of quotient of for some m finite, but in the operator space analogue, for u: E ^ F with 
ISQOLpiu) < 1 we can only assert that there is a subquotient of an ultraproduct of the family 
{S™ \ m > 1}, through which u factors, with c6-norms < 1. However, if E = Si (or merely a 
quotient of ) and F = Mn (or merely a subspace of M„), then we can replace this ultraproduct 
by for some finite m. See [Ml pp. 81-82] (and also [35|) for clarifications. 

Let 5cb{E,F) = \ogdcb{E,F). Let OSn denote the set of all n-dimensional operator spaces, 
where, by convention, we identify two spaces if they are completely isometric. Then {OSn,Scb) is a 
complete (non-separable) metric space, see e.g. [Ml chapter 21]. For any subset B C IJ^^Sn and 
any linear mapping u: E ^ F between finite dimensional operator spaces, we set 

IcBiu) = inf{||ni||cfe||n2||c6} 

where the infimum runs over all X in B and all possible factorizations E X — F of u through 
X. We will say that B is an SQO{p) class if it contains all the subquotients of ultraproducts of 
spaces of the form ip{{Sp[Xi] \ i S /}) with Xi £ B for all i in 1,1 being an arbitrary finite set. 
We also always assume C €z B. Then it is easy to check that u — > Jcb{u) is a norm on CB{E,F) 
(say with E,F finite dimensional). We denote by Tcb{E,F) the resulting normed space. We will 
denote by SQOLp the class of all subquotients of ultraproducts of {S^ \ m > 1}. Clearly this is 
an example of SQO{p)-class. 

For any z in dD, we give ourselves p{z) in [l,oo] and a subset B{z) C OSn- We will assume 
z p{z) Borel measurable and z B{z) "measurable" in the following sense: for any operator 
u: E ^ F between two finite dimensional operator spaces, the mapping z ^ 1b{z) (u) is measurable 
on dD. We assume that B{z) is an SQO{p{z))-class for any z in dD. 

We then define p{^) and ^(^), for ^ in D, exactly as in §111 Given 1 < p < oo and an 
SQO{p)-class B C OS^^, we denote by cf3{p,B) the space CB{Sp) equipped with the norm 

VT G CB{S;) \\T\Ui3ip,B) = sup \\Tx: S;[X] ^ S;[X]U. 

X&B 

We prefer not to worry about measurability questions here, so we will assume that z i— > B{z) is 
chosen so that z i— > ||T'||c/3(p(2)^g(z)) is measurable for any T in CB{Sp). Then if we set 

cf5{z) = c(3{p{z)Mz)) 

the family {c(3{z) \ z G dD} is compatible, and hence extends, by complex interpolation, to a family 
{c/3(^) I ^ G D}. The next statement identifies cj3{^). 
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Theorem 13.1. For any ^ in D we have a completely isometric identity cl3{^) = c/3{p{$,),B{^)). 

Corollary 13.2. Let 1 < po,pi < oo and < 6 < 1. Define p by p^^ = (1 — 0)pq^ + Op^^. Then 
the space {CB{Sp^),CB{SpJ)g coincides with the space CB{Sp) equipped with the norm 

yTeCB{S^) IITII =sup{||rx: S;[X] ^ S;[X]\\ 

where the supremum runs over all X that can he written as X = X{0) for some compatible family of 
n"^ -dimensional operator spaces {X{z) \ z £ dD} such that m{{z G dD \ X{z) E SQOLp^}) = 1 — 6 
and m{{z G dD \ X{z) G SQOLp-^}) = 9. Let r2o(n^) denote the class of all such spaces X. Then 
the space {CB{Spg),CB{Sp-^)y can be identified with the subspace of CB{Sp) formed of all T such 
that 

(13.1) T^sup{||rx: Sp[X]^ Sp[X]\\\X (^Vto{n'),n>l} 

is finite, equipped with the norm (113.ip . provided we make the convention that if either pQ = oo or 
pi = oo, CB{Spg) or CB{Sp^) are replaced by CB{Soo,B{l2)). 

Corollary 13.3. Let I < p < oo and < ^ < 1. The unit ball of {Br{Sp),CB{Sp))g consists of 
all operators T: Sp^Sp such that \\Tx ■ Sp[X] — > S'^ < 1 for all operator spaces X that can 
be written as X = X{0) where {X{z) \ z G dD} is a compatible family of n'^- dimensional operator 
spaces such that X(z) is a subquotient of an ultraproduct of {S'^ | m > 1} for all z in a subarc of 
measure > 6. Let SQ0p{6,n'^) be the class of all such spaces. 

Let (M, r) and {M',t') be hyperfinite von Neumann algebras equipped with semifinite, normal 
faithful traces. Then the unit hall of 

Br{Lp{T), Lp{T')), CB{Lp{T),Lp{T'))Y 

consists of those T in CB{Lp{T), Lp(t')) such that 

(13.2) sup{||rx: Lp{T;X) ^ Lp{T';X)\\ \ X e SQ0p{9,n) n>l} <1. 
Corollary 13.4. Fix < 6 < 1. Consider a measurable partition dD = Jq U Jg U Ji with 

\4\ = {l-9)/2, IJ^'I = (l-e)/2, \Ji\=9. 

We set 



Biz) 



{CB{S^) ifz^J'^ 
CB{Mn) ifzeJl^ 
[B{S^) tfzeJi. 



We have then isometrically 

B{Q)^{Br{Sl^),B{S^))e. 

The proof of Lemma 10.4 extends with routine modifications and yields: 

Lemma 13.5. Given n- dimensional operator spaces E,F . Let c^{z) =T^qi^z-^{E,F). Then for all 
w: E ^ F we have 
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14 Examples with the Haagerup tensor product 

Using Kouba's interpolation theorem ([39]) we will produce some interesting examples of compatible 
families of operator spaces involving quite naturally more than 2 spaces. Let J(l), J(2), . . . , J{d) 
be arbitrary measurable subsets of dD. 
We will denote for j = 1, 2, . . . , d 

Mj) = J{j), Ji{j)=dD\J{j). 
Then for any e = (e(j)) in {0, l}'^ we set 

Je = ^e{i)(i)n---n J,(rf)((i). 

Note that { Jg | e G {0, 1}'^} is a partition of dD into 2'^ measurable subsets. 

Now let (^Q, A\), . . . , (Aq, Af) be d compatible pairs of finite dimensional operator spaces. We 
define a compatible family {X{z) \ z £ dD} by setting 

Vz G J, X{z) = ^h---^h ^g(d) • 

Theorem 14.1. We have a completely isometric identification 

X{0) ~ {AlA\)e, ^h---^h {AiAf)e, 

where 9j = m(Ji(j)). 

Proof. Kouba's theorem (cf. [39]) for the Haagerup tensor product implies the following (see [64j ) : 
Let {^(z)} and {B{z)} be two compatible families of finite dimensional operator spaces. Let 
T{z) = A{z) f^ih B{z). Then {T{z)} is a compatible family such that 

T(0) ~ A(0) ®h B{0) 

completely isometrically. 

In other words, the operations X — > X(0) (interpolation) and X, y — > Xcg/^y (Haagerup tensor 
product) are commuting. In the situation of Theorem 114.11 we may iterate the preceding and we 
obtain 

X{0)c^X\0) 0h---^hX'^{O) 

where X^(z) is defined by 

ifzGJiij) 

By |15[ Cor. 5.1], we have then 

X^{0) = {Al4)e^ 

where 9j = m{Ji{j)) (recall m is the normalized Lebesgue measure on dD). □ 

In operator space theory, the pair (i?, C) of row and column Hilbert spaces plays a fundamental 
role. It was studied as an interpolation pair in [6l] (see also [66]). We use transposition R ^ C (or 
C — > i?) to identify an element of R with one in C for the purposes of interpolation. This allows 
us to view {R,C) as a compatible pair. Let C[6] = {R,C)g. Then C[9] can be identified with the 
subspace of column vectors in the Schatten class Sp ior p = {I — 9)^^ . So we set 

(14.1) q^] = C[l - l/p] = {R, C)i_i/p = (C, R)yp. 
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Let 6j > be such that Oq + 6i + ■ ■ ■ + 6d = 1- Let Aq U • • • U A^^ be a partition of dD into arcs so 
that m(Aj) = 9j. For any z in Aj we set 

(14.2) K{z) =C(g)h---(S)hC(g)hR(S)---(E>hR 

where the product has its j first factors equal to C and the fohowing d — j equal to R. Let Kj be 
space appearing on the right-hand side of (|14.2p . It is well known (see [18] or [661 P- 96]) that Kj 
can be identified with the compact operators from £2^'^ "'^ to , and in the extreme case j = 
(resp. j = d) we find l®'^ with its row (resp. column) operator space structure. 

The space Kq n Ki n • • • H has already appeared in Harmonic Analysis over Fqo, the free 
group with countably infinitely many generators {gi}. Indeed, it was shown in [7j (in [25] for the 
d = 1 case) that Kq n • • • n can be identified with the closed span in C^(Foo) of {X{giigi2 ■ ■ ■ gid) I 
ii,i2, ■ ■ ■ ,id £ N}. For an extension of this to the non-commutative Lp-space over Fqo, see [54J- 
These results motivated us to study the interpolation spaces associated to the family K{z) defined 
by (jl4.2l) . Curiously, one can identify them quite easily: 

Corollary 14.2. We have a completely isometric identity 
where 

Pj = (00 + ^1 + ••• + %)-'• 

Note that Pq> pi> ■ ■ ■ > Pd-i- 

Proof. By routine arguments (particularly easy here because of the "homogeneity" of the spaces R 
and C), one can reduce to the case when i?, C are replaced by their n-dimensional version C„. 
To lighten the notation, we ignore this and still denote them by i?, C. Then the corollary follows 
from Theorem ll4.H once one observes that if we use 

(A^o,^i) = (C^,i?) 

and set 

Ji(i) = AoU---UAj_i (l<j<(i), 

we find that if 2; G Aj 

X\z) ®h---®hX\z) = Kj. 
Therefore, to conclude it suffices to calculate m{Ji{j)) = 6*0 -|- • • • -|- dj-i = {pj-i)^^ and to recall 

(fmn . □ 
References 

[1] Bergh, J. On the relation between the two complex methods of interpolation. Indiana Univ. 
Math. J. 28 (1979), no. 5, 775-778. 

[2] Bergh, J.; Lofstrom, J. Interpolation spaces. An introduction. Grundlehren der Mathematis- 
chen Wissenschaften, No. 223. Springer- Verlag, Berlin-New York, 1976. 

[3] Bourgain, J. Some remarks on Banach spaces in which martingale difference sequences are 
unconditional. Ark. Mat. 21 (1983), no. 2, 163-168. 



57 



[4] Bourgain, J. On trigonometric series in super reflexive spaces. J. London Math. Soc. 24 (1981), 
no. 1, 165-174. 

[5] Bourgain, J. A HausdorfF- Young inequality for S-convex Banach spaces. Pacific J. Math. 101 
(1982), no. 2, 255-262. 

[6] Bourgain, J. Vector-valued HausdorfF- Young inequalities and applications. Geometric aspects 
of functional analysis (1986/87), 239-249, Lecture Notes in Math., 1317, Springer, Berlin, 
1988. 

[7] Buchholz, A. Norm of convolution by operator-valued functions on free groups. Proc. Amer. 
Math. Soc. 127 (1999), no. 6, 1671-1682 

[8] Bukhvalov, A. V. Geometric properties of Banach spaces of measurable vector- valued functions. 
(Russian) Dokl. Akad. Nauk SSSR 239 (1978), no. 6, 1279-1282. 

[9] Bukhvalov, A. V. Continuity of operators in the spaces of measurable vector-valued functions 
with applications to the investigation of Sobolev spaces and analytic functions in t. (Russian) 
Dokl. Akad. Nauk SSSR 246 (1979), no. 3, 524-528. 

[10] Burkholder, D. L. A geometric condition that implies the existence of certain singular integrals 
of Banach-space- valued functions. Conference on harmonic analysis in honor of Antoni Zyg- 
mund. Vol. I, II (Chicago, 111., 1981), 270-286, Wadsworth Math. Ser., Wadsworth, Belmont, 
CA, 1983. 

[11] Burkholder, D. L.; Gundy, R. F.; Silverstein, M. L. A maximal function characterization of 
the class HP. Trans. Amer. Math. Soc. 157 1971 137-153. 

[12] Calderon A.- P. Intermediate spaces and interpolation. Studia Math. (Ser. Specjalna) Zeszyt 
1 (1963) 31-34. 

[13] Coifman, R.; Cwikel, M.; Rochberg, R.; Sagher, Y.; Weiss, G. Complex interpolation for 

families of Banach spaces. Harmonic analysis in Euclidean spaces (Proc. Sympos. Pure Math., 
Wilhams Coll., Williamstown, Mass., 1978), Part 2, pp. 269-282, Proc. Sympos. Pure Math., 
XXXV, Part, Amer. Math. Soc, Providence, R.I., 1979. 

[14] Coifman, R. R.; Rochberg, R.; Weiss, G.; Cwikel, M.; Sagher, Y. The complex method for 
interpolation of operators acting on families of Banach spaces. Euclidean harmonic analysis 
(Proc. Sem., Univ. Maryland, College Park, Md., 1979), pp. 123-153, Lecture Notes in Math., 
779, Springer, Berlin, 1980. 

[15] Coifman, R. R.; Cwikel, M.; Rochberg, R.; Sagher, Y.; Weiss, G. A theory of complex inter- 
polation for families of Banach spaces. Adv. in Math. 43 (1982), no. 3, 203-229. 

[16] Coifman, R. R.; Semmes, S. Interpolation of Banach spaces. Perron processes, and Yang-Mills. 
Amer. J. Math. 115 (1993), no. 2, 243-278. 

[17] Duren, P. Theory of spaces. Pure and Applied Mathematics, Vol. 38 Academic Press, New 
York-London 1970 

[18] Effros, E. G.; Ruan, Z-J. Operator spaces. The Clarendon Press, Oxford University Press, New 
York, 2000. xvi-F363 pp. 



58 



[19] Enflo, P. Banach spaces which can be given an equivalent uniformly convex norm. Israel J. 
Math. 13 (1972), 281-288 (1973). 

[20] Figiel, T. Singular integral operators: a martingale approach. Geometry of Banach spaces 
(Strobl, 1989), 95-110, London Math. Soc. Lecture Note Ser., 158, Cambridge Univ. Press, 
Cambridge, 1990. 

[21] Garling, D. J. H. and Montgomery-Smith, S. J. Complemented subspaces of spaces obtained 
by interpolation. J. London Math. Soc. (2) 44 (1991), no. 3, 503-513. 

[22] Garnett, J. Bounded analytic functions. Academic Press, 1981. 

[23] Grothendieck A. Resume de la thcorie mctrique des produits tensoriels topologiques. Boll.. 
Soc. Mat. Sao-Paulo 8 (1953), 1-79. Reprinted in Resenhas 2 (1996), no. 4, 401-480. 

[24] Gromov, M. Asymptotic invariants of infinite groups. Geometric group theory, Vol. 2 (Sussex, 
1991), 1-295, London Math. Soc. Lecture Note Ser., 182, Cambridge Univ. Press, Cambridge, 
1993. 

[25] Haagerup, U.; Pisier, G. Bounded linear operators between C*-algebras. Duke Math. J. 71 

(1993), no. 3, 889-925. 

[26] Harcharras, A. Fourier analysis, Schur multipliers on and non-commutative A(p)-sets. Stu- 
dia Math. 137 (1999), no. 3, 203-260. 

[27] H. Helson. Lectures on invariant subspaces. Academic Press, New York-London, 1964. 

[28] Hernandez, E. Intermediate spaces and the complex method of interpolation for families of 
Banach spaces. Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 13 (1986), no. 2, 245-266. 

[29] Hernandez, R. Espaces L^, factorisation et produits tensoriels dans les espaces de Banach. C. 
R. Acad. Sci. Paris Ser. I Math. 296 (1983), no. 9, 385-388. 

[30] Hernandez, R. Espaces L^, factorisations et produits tensoriels. (French) [L^-spaces, factoriza- 
tions and tensor products] Seminar on the geometry of Banach spaces. Vol. I, II (Paris, 1983), 
63-79, Publ. Math. Univ. Paris VII, 18, Univ. Paris VII, Paris, 1984. 

[31] Herz, C. The theory of p-spaces with an application to convolution operators. Trans. Amer. 
Math. Soc. 154 (1971) 69-82. 

[32] James, R. C. Some self-dual properties of normed linear spaces. Symposium on Infinite- 
Dimensional Topology (Louisiana State Univ., Baton Rouge, La., 1967), pp. 159-175. Ann. of 
Math. Studies, No. 69, Princeton Univ. Press, Princeton, N.J., 1972. 

[33] Jayne, J. E. and Rogers, C. A. Selectors. Princeton University Press, Princeton, NJ, 2002. 

[34] Johnson, W. B. and Jones, L. Every Lp operator is an L2 operator. Proc. Amer. Math. Soc. 
72 (1978), no. 2, 309-312. 

[35] Junge, M. Factorization theory for spaces of operators. Habilitationsschrift, Kiel University, 
1996. 

[36] Kalton, N. and Montgomery-Smith, S. Interpolation of Banach spaces. Handbook of the ge- 
ometry of Banach spaces. Vol. 2, 1131-1175, North-Holland, Amsterdam, 2003. 



59 



[37] Kasparov, G. and Yu, G. The coarse geometric Novikov conjecture and uniform convexity. 
Adv. Math. 206 (2006), no. 1, 1-56. 

[38] Koskela, M. A characterization of non-negative matrix operators on P' to l'^ with cxd > p > 
q>l. Pacific J. Math. 75 (1978), no. 1, 165-169. 

[39] Kouba, O. On the interpolation of injective or projective tensor products of Banach spaces. J. 
Funct. Anal. 96 (1991), no. 1, 38-61. 

[40] Kwapieh, S. Isomorphic characterizations of inner product spaces by orthogonal series with 
vector valued coefficients. Collection of articles honoring the completion by Antoni Zygmund 
of 50 years of scientific activity, VI. Studia Math. 44 (1972), 583-595. 

[41] Kwapieh, S. On operators factorizable through Lp space. Actes du CoUoque d'Analyse Fonc- 
tionnelle de Bordeaux (Univ. de Bordeaux, 1971), pp. 215-225. Bull. Soc. Math. France, Mem. 
No. 31-32, Soc. Math. France, Paris, 1972. 

[42] Krein, S. G.; PetunTn, Yu. I.; Sem'nov, E. M. Interpolation of linear operators. Translated 
from the Russian by J. Szucs. Translations of Mathematical Monographs, 54. American Math- 
ematical Society, Providence, R.I., 1982. xii-|-375 pp. 

[43] Lafforgue, V. Un renforcement de la propriete T. Duke Math. J. 143 (2008), no. 3, 559-602. 

[44] Lamberton, D. Spectres d'operateurs et geometrie des espaces de Banach. Dissertationes Math. 
(Rozprawy Mat.) 242 (1985), 58 pp. 

[45] Lubotzky A. Discrete groups, expanding graphs and invariant measures. Progress in Mathe- 
matics, 125. Birkhuser Verlag, Basel, 1994. 

[46] Marcolino Nhani, J. L. La structure des sous-espaces de treillis. Dissertationes Math. 
(Rozprawy Mat.) 397 (2001), 50 pp. 

[47] Matou?ek, J. Lectures on discrete geometry. Graduate Texts in Mathematics, 212. Springer- 
Verlag, New York, 2002. 

[48] J. Matousek, On embedding expanders into spaces, Israel J. Math., 102 (1997), 189-197. 

[49] Maurey, B. Type, cotype and ii'-convexity. Handbook of the geometry of Banach spaces. Vol. 
2, 1299-1332, North-Holland, Amsterdam, 2003. 

[50] Meyer-Nieberg, P. Banach lattices. Universitext. Springer- Verlag, Berlin, 1991. 

[51] Ostrovskii, M.I. Coarse embeddability into Banach spaces. larXiv:0802.3666l 

[52] Ozawa, N. A note on non- amenability of B{lp) for p = 1,2. Internat. J. Math. 15 (2004), no. 
6, 557-565. 

[53] Naor, A., Peres, Y., Schramm, O., and Sheffield, S. Markov chains in smooth Banach spaces 
and Gromov-hyperbolic metric spaces. Duke Math. J. 134 (2006), no. 1, 165-197. 

[54] Parcet, J.; Pisier, G. Non-commutative Khintchine type inequalities associated with free 
groups. Indiana Univ. Math. J. 54 (2005), no. 2, 531-556. 

[55] Petermichl, S. Dyadic shifts and a logarithmic estimate for Hankel operators with matrix 
symbol. C. R. Acad. Sci. Paris Ser. I Math. 330 (2000), no. 6, 455-460. 



60 



[56] Pietsch, A. Operator ideals. North-Holland, Amsterdam-New York, 1980. 

[57] Pisier, G. Martingales with values in uniformly convex spaces. Israel J. Math. 20 (1975), no. 
3-4, 326-350. 

[58] Pisier, G. Some applications of the complex interpolation method to Banach lattices. J. Analyse 
Math. 35 (1979), 264-281. 

[59] Pisier, G. Factorization of linear operators and geometry of Banach spaces. CBMS Regional 
Conference Series in Mathematics, 60. American Mathematical Society, Providence, RI, 1986. 

[60] Pisier, G. Completely bounded maps between sets of Banach space operators. Indiana Univ. 
Math. J. 39 (1990), no. 1, 249-277. 

[61] Pisier, G. Complex interpolation and regular operators between Banach lattices. Arch. Math. 
(Basel) 62 (1994), no. 3, 261-269. 

[62] Pisier, G. Regular operators between non-commutative Lp-spaces. Bull. Sci. Math. 119 (1995), 
no. 2, 95-118. 

[63] Pisier, G. The operator Hilbert space OH, complex interpolation and tensor norms. (English 
summary) Mem. Amer. Math. Soc. 122 (1996), no. 585, viii-|-103 pp. 

[64] Pisier, G. Non-commutative vector valued Lp-spaces and completely p-summing maps. 
Asterisque No. 247 (1998), vi-M31 pp. 

[65] Pisier, G. Similarity problems and completely bounded maps. Second, expanded edition. In- 
cludes the solution to "The Halmos problem". Lecture Notes in Mathematics, 1618. Springer- 
Verlag, Berlin, 2001. viii-M98 pp. 

[66] Pisier, G. Introduction to operator space theory. Cambridge University Press, Cambridge, 
2003. viii-F478 pp. 

[67] Rochberg, R. Function theoretic results for complex interpolation families of Banach spaces. 
Trans. Amer. Math. Soc. 284 (1984), no. 2, 745-758. 

[68] Rochberg, R. Interpolation of Banach spaces and negatively curved vector bundles. Pacific J. 
Math. 110 (1984), no. 2, 355-376. 

[69] Rochberg, R. The work of Coifman and Semmes on complex interpolation, several complex 
variables, and PDEs. Function spaces and applications (Lund, 1986), 74-90, Lecture Notes in 
Math., 1302, Springer, Berlin, 1988. 

[70] Roe, J. Lectures on coarse geometry. University Lecture Series, 31. American Mathematical 

Society, Providence, RI, 2003. 

[71] Rosenblum, M. and Rovnyak, J. Topics in Hardy classes and univalent functions. Birkhuser 

Verlag, Basel, 1994. 

[72] Schacfcr, H. Banach lattices and positive operators. Springer- Verlag, New York-Heidelberg, 
1974. 

[73] Semmes, S. Interpolation of Banach spaces, differential geometry and differential equations. 
Rev. Mat. Iberoamericana 4 (1988), no. 1, 155-176. 



61 



[74] Slodkowski, Z. Polynomial hulls with convex sections and interpolating spaces. Proc. Amer. 
Math. Soc. 96 (1986), no. 2, 255-260. 

[75] Slodkowski, Z. Complex interpolation of normed and quasinormed spaces in several dimensions. 
I. Trans. Amer. Math. Soc. 308 (1988), no. 2, 685-711. 

[76] Srivastava, S. M. A course on Borel sets. Graduate Texts in Mathematics, 180. Springer- Verlag, 
New York, 1998. 

[77] Virot, B. Extensions vectorielles d'operateurs lineaires bornes sur LP. C. R. Acad. Sci. Paris 
Ser. I Math. 293 (1981), no. 8, 413-415. 

[78] Weis, L. Integral Operators and Changes of Density, Indiana Univ. Math. J. 31 (1982), 83-96. 

[79] Xu, Q. Interpolation of Schur multiplier spaces. Math. Z. 235 (2000), no. 4, 707-715. 



62 



